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Abstract. In this paper, we extend the theory of sutured Fleer homology de- 
veloped by the author. We first prove an adjunction inequality, and then define 
a polytope P(M, 7) in H'^{M, 9M;R) that is spanned by the Spin'^-structures 
which support non-zero Floer homology groups. If (M, 7) ^ (M',7') is a taut 
surface decomposition, then an affine map projects P(M',7') onto a face of 
P(M, 7); moreover, if H2{M) = 0, then every face of P{M, 7) can be obtained 
in this way for some surface decomposition. We show that if (M, 7) is reduced, 
horizontally prime, and H2{M) = 0, then P{M, 7) is maximal dimensional in 
H^{M,dM;M.). This implies that if rk{S'FH(M, 7)) < 2*=+!, then {M,7) has 
depth at most 2k. Moreover, SFH acts as a complexity for balanced sutured 
manifolds. In particular, the rank of the top term of knot Floer homology 
bounds the topological complexity of the knot complement, in addition to 
simply detecting fibred knots. 



1. Introduction 

Heegaard Floer homology is an invariant of closed oriented three-manifolds de- 
fined by Ozsvath and Szabo in [19]. It comes in fours different flavors: HF, HF~^, 
HF~, and HF°°. This was extended to an invariant HFK of knots by Ozsvath 
and Szabo in [18] . and independently by Rasmussen in [23] . Later, Ozsvath and 
Szabo [21] generalized HFK to an invariant HFL of links in . For a knot K 
in S^, the group HFK{K) splits as a direct sum ■^j^HFKj{K,i), and has a 

homological Z-grading. For each i G Z, the Euler characteristic of HFK^,{K,i) is 
equal to the i-th coefficient of the Alexander-Conway polynomial Afc{t) of K. 

It is a classical result that for a knot K in the polynomial (t) gives a lower 
bound on the genus of K in the following sense: 

g{K) > ma.x{i e Z : a, ^ 0}. 

Ozsvath and Szabo in [17] showed that knot Floer homology actually detects the 
genus of K : 

g{K) = max{ i £ Z : HFK{K, i)^0}. 

The proof of this striking result uses Gabai's theory of sutured manifolds [1], [7], 
[5], the Eliashberg-Thurston theory of confoliations [2 , the contact invariant and 
cobordism maps in Heegaard Floer homology, symplectic semi-fillings, and Lefshetz 
pencils. 
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The theory of sutured manifolds was developed by Gabai in [4] in order to study 
the existence of taut foliations on S-manifolds. Sutured manifolds are oriented 3- 
manifolds with boundary, together with a set of oriented simple closed curves, called 
sutures, that divide the boundary into a plus and a minus part. They can be thought 
of as cobordisms between compact oriented surfaces with boundary. Gabai also 
defined an operation on sutured manifolds, called sutured manifold decomposition. 
It consists of cutting the manifold along a properly embedded oriented surface _R, 
and adding one side of R to the plus, and the other side to the minus part of the 
boundary. He showed that a sutured manifold carries a taut foliation if and only 
if there is a sequence of decompositions that results in a product sutured manifold 
(essentially a trivial cobordism). The theory of sutured manifold decompositions 
was generalized in [11 to study tight contact structures on 3- manifolds, and was 
called convex decomposition theory. 

In [13] ■ I introduced sutured Floer homology, in short SFH, which is an invari- 
ant of balanced sutured manifolds^_^S'-FiJ isjin__invariant of three-manifolds with 
boundary, and generalizes HF, HFK, and HFL. The balanced condition is not 
very restrictive, since in Proposition 13.121 we show that every open taut sutured 
manifold that has at least one suture on each boundary component is balanced. 

SFH was used in [T3] to give a more elegant and direct proof of the fact that 
knot Floer homology detects the genus of a knot. That proof only relies on Gabai's 
theory of sutured manifolds and the following two results. First, if i? is a Seifert 
surface of a knot K in 5*"^ , then 



where S^{R) is the sutured manifold complementary to i?, see [Ml Theorem 1.5]. 
Secondly, by |T4j Theorem 1.3], if we decompose a sutured manifold (M, 7) along a 
"nice" surface and get the sutured manifold (M',7'), then SFH{M' is a direct 
summand of SFH{M,j). We will refer to this as "the decomposition formula". 
If R is of minimal genus, then S^{R) is taut, so by [3] there is a sequence of 
nice decompositions that ends in a product. The SFH of a product is Z, so the 
decomposition formula implies that SFH{S^{R)) contains a Z direct summand. 

For a Seifert surface R, even though SFH{S^{R)) is isomorphic to the top term 
of knot Floer homology, it carries an extra Spin^-grading. Note that for a sutured 
manifold (M, 7), the set of Spin'^-structures Spin'^(M, 7) is an affine space over 
H^{M, dM) = Hi{M). In the present paper, we study this extra grading on SFH, 
and how it behaves under sutured manifold decompositions. Using our results, we 
show that the top term of knot Floer homology carries deep topological information 
about the knot complement. In particular, we have the following, which is a special 
case of CoroUarv 17.81 

Theorem 1. Suppose that K is a knot in S^, and 



Then the sutured manifold S^{K) complementary to K has depth d{Y(K)) < 2fc + l. 
In particular, if k — 0, then K is fibred. 

Here the depth of a sutured manifold is the minimal number of decompositions 
needed to get a product sutured manifold. 

Ozsvath and Szabo conjectured that knot Floer homology detects fibred knots 
in the sense that HFK{K, g{K)) = Z if and only if K is fibred. This was proved 



HFK{K,g{R)) = SFH{S^{R)), 
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by Ghiggini in [9] for genus one knots, and proceeds along the lines of the Ozsvath- 
Szabo proof of HFK{K, g{K)) ^ 0, using deep symplectic and contact topology. 
Building on Ghiggini's work, Ni proposed a proof of the general case in [15] . using 
an alternative version of sutured Floer homology (without the Spin'^-grading), and 
a restricted version of the decomposition formula for horizontal surfaces and sepa- 
rating product annuli. Shortly after this, in [14] I presented a more direct proof of 
the fibred knot conjecture, only using SFH and the general decomposition formula. 
This starts out with an observation of Gabai [6] that a knot K is fibred if and only if 
S^{R) is a product sutured manifold, where i? is a minimal genus Seifert surface for 
K. So the problem can be reduced to the question whether SFH detects product 
sutured manifolds. Later, it turned out that the last part of the proof in [15] had a 
gap due to an incorrect reference to [1] concerning characteristic product regions. 
In [14], I borrowed Ni's last argument to conclude my proof, so [Mj has the same 
gap. Ni filled in this gap in [TB]. In the present paper, I correct and generalize [13] 
by eliminating the use of characteristic product regions. My approach is completely 
different from that of [16) . Instead, I only use reduced sutured manifolds, ones in 
which every product annulus is parallel to a suture. Since in [14 I also proved 
the decomposition formula for non-separating product annuli, it is enough to work 
with reduced sutured manifolds. The introduction of the SFH polytope makes the 
proof very transparent, and makes it possible to get a much sharper result, namely 
Theorem |TJ 

For a sutured manifold (M, 7), the Spin'^-structures that support non-zero Floer 
homology groups span a polytope P{M, 7) in H'^{M, dM; R). This polytope is well 
defined up to translations. A major tool in this paper is the adjunction inequality. 
Theorem 14. II 

Theorem 2 (Adjunction Inequality). Suppose that the sutured manifold (A/, 7) 
is strongly balanced, and fix a trivialization t G T{M,^). Let S d M be a nice 
decomposing surface. If a Spin'^ -structure s G Spin'^{M,^) satisfies 

(ci(s,t),[5]) <c(5,0, 

then SFH{M,-f,s) = 0. 

Here c{S, t) is a purely topological quantity, and we show that the above inequal- 
ity can be rearranged to get a Thurston-Bennequin type inequality. In Theorem l4.51 
we use the adjunction inequality to extend the decomposition formula [14' Theorem 
3.11] to disconnected decomposing surfaces. 

In Proposition 14.121 and Corollary 14.141 we establish a relationship between de- 
compositions of (M, 7) and faces of P(M, 7), and show that if H2{M) = 0, then 
every face of P{M, 7) corresponds to a well-groomed surface decomposition. More 
concretely. Theorem 15.111 implies that if (M, 7) (M',7') is a taut surface de- 
composition, then there is an afRne map from H^{M' ,dM']R) to H^{M,dM;R) 
which projects P{M', 7') onto a face of P(M, 7). This map is a translate of the dual 
of the map Hi{M') Hi{M) induced by the embedding M' ^ M. If 5 is a disk, 
then this projection is actually an isomorphism. So we see how Spin'^-structures 
split under surface decompositions. This, for example, implies a result of Gabai [5] 
that if a sutured manifold is disk decomposable, then it can be decomposed into a 
product using a single (not necessarily connected) surface, and if 7 is connected, 
then it carries a taut foliation of depth at most one. 
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From now on, we are going to suppose that (M, 7) is a taut balanced sutured 
manifold which satisfies the condition H2{M) — 0. The condition H2{M) = is not 
very restrictive, since it is satisfied by any sutured manifold complementary to a 
connected surface in a rational homology 3-sphere; furthermore, it is preserved by 
nice surface decompositions. And the most studied sutured manifolds are exactly 
the ones which are complementary to a Seifert surface of a knot or a link. 

Theorem 16. II is one of the main results of this paper. 

Theorem 3. Suppose that H2{M) ~ 0, and the sutured manifold {M, 7) is balanced, 
taut, reduced and horizontally prime. Then 

dimP(M,7) = dimij2(A/,aM;R) = 61 (M) = biidM)/2. 

In particular, 

rk{SFH{M,j)) > &i(5M)/2 + 1. 

This result fills in the gap in 14 , and makes further generalizations possible. 
Using this, we prove Proposition 17.61 

Theorem 4. Suppose that {M, 7) is a taut balanced sutured manifold such that 
H2{M) = and rk{SFH{M,-f)) < 2'=+^ for some integer k>0. Then the depth of 
[M, 7) is at most 2k. 

The proof proceeds by induction on k. One has to first decompose (M, 7) along a 
maximal set of product annuli to make it reduced. Then P{M, 7) becomes maximal 
dimensional in its ambient space. There is a Spin'^-structure s that is a vertex of 
P(M,7), and such that rk(S'Fi?(M, 7,5)) < 2^. Furthermore, we saw that there 
is a decomposition (M,7) -^^ {M',j') such that SFH{M',j') ^ SFH{M,j,s). 
So we can apply the induction hypotheses to (M',7') to see that it has depth at 
most 2k — 2. In particular, this illustrates how the rank of SFH can be used to 
measure the complexity of balanced sutured manifolds, and to perform inductive 
proofs using it. It is worth comparing it to the complexity defined by Gabai in [4] 
to show the existence of sutured manifold hierarchies. 

Theorem 2] implies Theorem [U since if we decompose the knot complement 
S^{K) along a minimal genus Seifert surface R, then we get the taut balanced 
sutured manifold S'^{R) with Tk{S F H {M , < 2''+^. 

The sutured manifold (M, 7) constructed in Example 17.51 has the following sur- 
prising property: the polytope P{M, 7) consists of a single point, even though 
(M, 7) is horizontally prime and is not a product. This example also illustrates 
that decompositions along product annuli can change the sutured Floer homol- 
ogy polytope, while the rank of SFH remains unchanged. So we always need to 
make our sutured manifold reduced by cutting along product annuli before we can 
decrease the rank of SFH by another sutured manifold decomposition. 

In Section [SI we define a function y on H2{M,dM;'M.) that is a semi- norm, 
except that y{c) and y{—c) might be different. The dual unit norm polytope of 
y is exactly — P(M, 7). Moreover, y is non-degenerate if (Af, 7) is reduced and 
horizontally prime. Using this norm, we can view Corollarv l4.10l as an extension of 
a theorem of Ozsvath and Szabo [22] that link Floer homology detects the Thurston 
norm of the link complement. We will prove in [3] that if we symmetrize y, we get 
a semi-norm that gives a lower bound on the semi-norm defined by Scharlemann in 
[24], but is different from it. 
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Finally, we compute the sutured Floer homology of any sutured manifold (Af, 7) 
such that M oi X D^. This illustrates some of the techniques developed in this 
paper, and will be used in future computations. For further examples of P(A/, 7), 
including whole families where M is a genus two handlebody, we refer the reader 
to [3]- In [To], we show how the sutured Floer homology polytope can be used to 
distinguish Seifert surfaces up to isotopy. 
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2. Sutured manifolds 

To get an in depth introduction to the theory of sutured manifolds and surface 
decompositions, we recommend reading Gabai's original papers [11 [7j [8j. For the 
reader's convenience, let us review the most important definitions and results here. 

Notation 2.1. Throughout this paper, we are going to use the following notations. If 
if is a submanifold of the manifold M, then N{K) denotes a regular neighborhood 
of if in M and [K] is the homology class represented by K. If A is a set, then 
\A\ is the cardinality of A. If AT is a topological space, then |A| is the number of 
components of X. 

Definition 2.2. A sutured manifold (M, 7) is a compact oriented 3-manifold M 
with boundary together with a set 7 C dM of pairwise disjoint annuli ^(7) and 
tori T(7). Furthermore, the interior of each component of ^(7) contains a suture, 
i.e., a homologically nontrivial oriented simple closed curve. We denote the union 
of the sutures by 5(7). 

Finally every component of i?(7) = dM \ Int(7) is oriented. Define -R+(7) (or 
R-{'-f)) to be those components of dM \ Int(7) whose normal vectors point out 
of (into) M. The orientation on i?(7) must be coherent with respect to 3(7), i.e., 
if (5 is a component of dR{'y) and is given the boundary orientation, then 6 must 
represent the same homology class in i?i(7) as some suture. 

Definition 2.3. A sutured manifold (Af, 7) is called balanced if M has no closed 
components, x{R+{l)) = x(^-(7)): and the map tto{A{j)) — 7ro(9M) is surjective. 

Definition 2.4. A sutured manifold (Af, 7) is taut if M is irreducible and R{'j) is 
incompressible and Thurston norm minimizing in iJ2(A/, 7). 

Definition 2.5. Let (Af, 7) be a sutured manifold. A decomposing surface is a 
properly embedded oriented surface S in Af such that no component of dS bounds 
a disk in R{'y) and no component of 5 is a disk D with dD C R{'j)- Moreover, for 
every component A of 5 fl 7 one of (l)-(3) holds: 

(1) A is a properly embedded non-separating arc in 7 such that |A n 5(7)] — 1. 
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(2) A is a simple closed curve in an annular component A of 7 in the same 
homology class as ^ fl 5(7). 

(3) A is a homotopically nontrivial curve in a torus component T of 7, and if S 
is another component of T n 5, then A and 6 represent the same homology 
class in Hi{T). 

Then S defines a sutured manifold decomposition 

(M,7) (Af',7'), 
where M' = M \ Int(A^(S')) and 

7' = (7 n M') u 7V(5+ n R-{j)) u N{SL n i?+(7)), 

^+(7') - {(R+il) n M') U 5;) \ Int(7'), 

i?_(7') = ((i?-(7)nAf')U5L)\Int(7'), 
where S'^ (SL) is the component of dN{S) D M' whose normal vector points out 
of (into) M'. 

Definition 2.6. If (M, 7) is a balanced sutured manifold then a surface decompo- 
sition (A/, 7) (M',7') is called groomed if for each component V of R{j) either 
SnV is a union of parallel, coherently oriented, nonseparating closed curves or SHV 
is a union of arcs such that for each component S oidV we have jJnSS'l = |((5n95')|. 

A surface decomposition is called well groomed if for each component V of -R(7) 
it holds that 5 n F is a union of parallel, coherently oriented, nonseparating closed 
curves or arcs. 

The following definition is motivated by [H Lemma 3.8]. 

Definition 2.7. Let (Af, 7) be a balanced sutured manifold. We say that a class 
z e H2{M, OAI) is well groomed ii dz in Hi{dM) and the following hold. 

(1) For each non-planar component V of i?(7) and each component A of dV we 
have {z,X) =0. 

(2) For each planar component V of R{'y) there exist at most two components 
Ai and A2 of dV such that ( z, Ai ) 7^ for i = 1, 2. 

Note that z G H2{M,dM) is well groomed if and only if —z is well groomed. 
Using this terminology IH Lemma 3.8] can be stated as follows. 

Lemma 2.8. Let {M,"f) be a balanced sutured manifold. Then there exists a well 
groomed class in H2{M, DM). 

Lemma 2.9. Let (M,^) be a taut balanced sutured manifold and z £ H2{M,dAI) 
a well groomed homology class. Then there is a well groomed surface decomposition 
(Af,7) -^^ (Af',7') such that [S] = z and (A//', 7') is taut. 

Proof. This lemma follows from the last argument in the proof of [S] Lemma 3.4] 
which goes as follows. By [3 Lemma 0.7] there is a groomed surface S which 
gives a taut decomposition and [S] — z. Now [H Lemma 3.9] implies that if F is a 
component of R{'f) then 5' fl F is homologous to a set of parallel curves. Finally, 
an application of [TJ Lemma 0.6] yields the desired well groomed surface. □ 

Definition 2.10. Let (Af, 7) be a sutured manifold. A product annulus in (Af, 7) 
is an annulus A properly embedded in M such that dA C R{j), OA n R+{j) ^ 0, 
and dA n R-ij) 7^ 0. A product disk is a disk D properly embedded in M such 
that dD n 7 consists of two essential arcs in 7. Product disks and product annuli 



THE SUTURED FLOER HOMOLOGY POLYTOPE 



7 



detect where a sutured manifold is locally a product. (M, 7) is a product sutured 
manifold if Af = i? x /, 7 = c^i? x /, i?+(7) = i? x {1}, and i?-(7) = i? x {0}. 

Lemma 2.11. Let (Af, 7) 6e a sutured manifold such that M is irreducible and 
Rij) is incompressible. If A is a compressible product annulus in (M, 7), then 
there is a cylinder x I C M such that A = dD^ x / and D"^ x dl C R{'y)- 

Proof. Suppose that a simple closed curve in A bounds a disk in M but it does not 
bound a disk in A. Then both a- = An R-{'y) and a+ = An R+{'y) bound disks 
in M. Since -R(7) is incompressible, both a_ and a+ bound disks D- and Z?+ in 
i?(7), respectively. But M is irreducible, hence the embedded sphere UAUD+ 
bounds a 3-ball in M. This 3-ball can be identified with x I such that it satisfies 
the stated properties. □ 

Definition 2.12. We say that a balanced sutured manifold {M, 7) is reduced if ev- 
ery incompressible product annulus A in (Af, 7) is ambient isotopic to a component 
of 7 such that dA stays in R{'y) throughout. Call a product disk D inessential if 
there is an ambient isotopy of D into 7 which fixes D H 7, and essential otherwise. 

Lemma 2.13. Let (Af, 7) be a reduced sutured manifold such that M is irreducible 
and R{'j) is incompressible. Then exactly one of the following holds. 

(1) Every product disk in (Af, 7) is inessential. 

(2) (A/, 7) is homeomorphic to (S x 7,91] x /), where T, is a sphere with either 
two or three open disks removed. 

Proof. In this proof we implicitly use the following observation several times. Sup- 
pose that the product annulus yl C Af \ 7 is ambient isotopic to a component 7' 
of 7 such that dA stays in R{'y) throughout. Then there is a submanifold Cxi 
inside M such that C is an annulus, dC x I = AUj' and C x dl C R{'j). 

Suppose that (A^, 7) contains an essential product disk D. We distinguish two 
cases depending on whether the two arcs of I? H 7 lie in the same component of 7. 
First suppose that there is a single component 70 of 7 which contains DD^. Denote 
the components of dN{'-fo U I?) \ 70 by Ai and A2. Then the product annuli Ai 
and A2 both have to be incompressible, otherwise by Lemma 12.111 the product disk 
D would by inessential. Furthermore, neither Ai nor A2 can be ambient isotopic 
to 7o, else again D would be inessential. Thus there are components 71 and 72 of 
7, both distinct from 70 and from each other, such that Ai is ambient isotopic to 
7i for i = 1,2. It follows that (Ai^, 7) is the product (S x I,dY, x I), where S is a 
sphere with three open disks removed. 

Now suppose that there are components 70 and 71 of 7 such that D <! % ^0 
for i = 0, 1. Let A — dN{jo U 71 U Z?) \ (70 U 71). If the product annulus A is 
compressible then by Lemma 12.111 we are in case (2) with E being a sphere with 
two open disks removed. Otherwise A is ambient isotopic to a component 72 of 7 
different from 70 and 71, and hence we are again in case (2) with S being a sphere 
with three open disks removed. 

On the other hand, if (2) holds, then (A/, 7) is reduced, but it contains an 
essential product disk. □ 

Next we recall [T^l Proposition V.1.6]. 

Proposition 2.14. For each compact, irreducible 3-manifold pair {AI,T), there 
is a number h{M,T) with the following property. Let W C M be a two-sided. 
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incompressible surface having more than h{AI,T) components and such that dW C 
T. Then either 

(1) W has a T -parallel component, or 

(2) W has two components which are parallel in [M,T). 

Proposition 2.15. Let (M, 7) be a sutured manifold such that M is irreducible and 
R{'f) is incompressible. Then there is a decomposition (M, 7) (M',7') such 
that A is a union of pairwise disjoint incompressible product annuli and (M',7') is 
reduced. 

Proof. Using the terminology of 12) tlie 3-manifold pair {M,R{'~f)) is irreducible, 
thus we can apply Proposition l2.14l to get a number h{M, R{'y)). Note that a product 
annulus cannot be i? (7) -parallel since its two boundary components lie in different 
components of R{'^). So we can recursively construct a maximal set of pairwise 
disjoint incompressible product annuli Ai, . . . , An such that for A = AiU ■ ■ ■ U An 
no two components of 7U A are parallel in (M, i?(7)). Indeed, n < h{M, R{'y)) ~ \j\ 
for such an A, thus the recursion has to terminate in finitely many steps. 

Decomposing {M, 7) along a maximal A the resulting {M' , 7') is reduced. Indeed, 
an incompressible product annulus C" in {M' ,^') which is not parallel to 7' gives 
rise to a product annulus C in (M, 7) which is not parallel to any component 
of 7 U A. We show that C is incompressible. Indeed, if C was compressible, then 
9Cni?+(7) would bound a disk D in i?+(7). Since C" is incompressible dA(^D ^ 0, 
thus A would also be compressible, a contradiction. But the existence of such a C 
contradicts the maximality of A. □ 

Definition 2.16. Let (M, 7) be a balanced sutured manifold. A decomposing 
surface S* C M is called a horizontal surface if 

i) S is open and incompressible, 

ii) 95 C 7 and dS is isotopic to dR+{j), 

iii) [S] = [i?+(7)] ini/2(A/,7), 

iv) x{S)=x{R+m- 

We say that (M, 7) is horizontally prime if every horizontal surface in (M, 7) is 
parallel to either R+{j) or _R_(7). 

Proposition 2.17. Let (M, 7) be a balanced sutured manifold. Then there is a 
surface decomposition (M, 7) (M',7') such that every component of H is a 
horizontal surface and (M',7') is horizontally prime. 

Proof. Apply Proposition 12.141 to the 3-manifold pair (M, 7) . □ 

3. Sutured Floer homology and Spin'^ structures 

Sutured Floer homology is an invariant of balanced sutured manifolds defined in 
[13] . It is constructed in a way analogous to ordinary Heegaard Floer homology. 

Definition 3.1. A sutured Heegaard diagram is a tuple (I],q:,/3), where S is a 
compact oriented surface with boundary and a and f3 are two sets of pairwise 
disjoint simple closed curves in Int(I]). 

Every sutured Heegaard diagram (E,q:,/3) uniquely defines a sutured manifold 
(M, 7) using the following construction. Suppose that a = {«!,...,«„} and 
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(3 = { /3i, . . . , /3„ }. Let M be the 3-manifold obtained from E x / by attaching 3- 
dimensional 2-handles along the curves Ui x {0} and Pj x {1} for i = 1, . . . , m and 
j = 1, . . . ,n. The sutures are defined by taking 7 = 91] x / and 3(7) = 91] x {1/2}. 

Let (I],q:,/3) be an admissible sutured Heegaard diagram defining a balanced 
sutured manifold {M,j). (For the definition of admissibility see [131 Definition 
3.11], it means that every non-zero periodic domain has both positive and negative 
coefficients.) Then \a\ = |/3|, denote this number by d. After an appropriate choice 
of a generic almost complex and a symplectic structure on Sym (S), we can apply 
the Lagrangian Floer homology machinery to the Lagrangian submanifolds Tq, = 
ai X ■■■ X ad and — l3i x ■ ■ ■ x Pd of Sym'^(S). This way we obtain a chain 
complex whose homology SFH{M,'y) depends only on the homeomorphism type 
of (M, 7). For the details see [13]. Now we recall Corollary 3.12]. 

Lemma 3.2. Let (Af, 7) be a balanced sutured manifold such that H2{M) = 0. 
Then every balanced diagram defining (Af , 7) is admissible. 

Next we review the definition of a Spin*^ structure on a balanced sutured manifold 
(M, 7), which was introduced in [13], also see [M]. Note that in a balanced sutured 
manifold none of the sutures are tori. Fix a Riemannian metric on M. 

Notation 3.3. Let vq be a nowhere vanishing vector field along dM that points into 
M along i?_(7), points out of M along _R+(7), and on 7 it is the gradient of a 
height function 5(7) x I ^ I. The space of such vector fields is contractible. 

Definition 3.4. Let v and w be nowhere vanishing vector fields on M that agree 
with Vq on dM. We say that v and w are homologous if there is an open ball 
B C Int(M) such that v\{M \ B) is homotopic to w\{M \ B) through nowhere 
vanishing vector fields rel dM. We define Spin^(Af, 7) to be the set of homology 
classes of nowhere vanishing vector fields v on M such that v\dM = vq. 

Proposition 3.5. Let (Af, 7) be a sutured manifold such that M is open and the 
map 7ro(7) — > T:o{dM) is surjective. Then Spin'^{M,j) ^ 9 if and only if every 
component of M is balanced. 

Proof. It is sufficient to prove the proposition for M connected. First suppose that 
Spin'^(Af, 7) ^ 0, and let s be an arbitrary element. Recall from [13^ Definition 4.4] 
that ci(s) is defined as the Euler class of the oriented 2- plane field v^, where v is 
an arbitrary vector field representing s. Let i: dM ^ M denote the embedding 
and let S = ci{vq). Then i*(ci(s)) = S, thus 

(<5, [dM] } - (**(ci(s)), [dM] ) - (ci(s),*,([9Af])) = 

since the cycle dM represents zero in H2{M;Z). On the other hand, W(^|_R+(7) = 
TR+{"f) and v^\R^{-f) = ~TR^{j), so 

{S, [dM]) ^ xiR+m ' x{R-ii))- 

Thus {M, 7) is balanced. 

Now suppose that (Af, 7) is balanced. Let / be a Morse function as in the proof 
of [131 Proposition 2.13]. Then the vector field grad(/)|9Af = vq, the number d of 
index 1 and 2 critical points of / agree, and / has no index or 3 critical points. 
Choose d pairwise disjoint balls in M, each containing exactly one index 1 and one 
index 2 critical point of /. Then we can modify grad(/) on these balls so that we 
obtain a nowhere zero vector field on M such that v\dM = vq. This shows that 
Spin'=(Af,7) ^ 0. □ 
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Definition 3.6. Let (A/, 7) be a balanced sutured manifold and (I],q:,/3) a bal- 
anced diagram defining it. To each x e n T/3 we assign a Spin'^ structure 
s(x) e Spin'^(M, 7) as follows. Choose a Morse function f on M compatible with 
the given balanced diagram (I],q;,/3). Then x corresponds to a multi-trajectory 
7x of grad(/) connecting the index one and two critical points of /. In a regular 
neighborhood A^(7x) we can modify grad(/) to obtain a nowhere vanishing vector 
field V on M such that v\dM = vq. We define s(x) to be the homology class of this 
vector field v. 

Definition 3.7. We call a sutured manifold (M, 7) strongly balanced if for every 
component F of dM the equality x{F ^ i?+(7)) = x(F n R-ij)) holds. 

The following is 141, Proposition 3.4]. 

Proposition 3.8. The vector bundle Vq over dM is trivial if and only if (M, 7) 
is strongly balanced. 

Notation 3.9. If the sutured manifold (M, 7) is strongly balanced, then let T{M, 7) 
denote the set of trivializations of Vq . 

Definition 3.10. Suppose that (M, 7) is a strongly balanced sutured manifold. 
Let t e T{M,"f) and s G Spin''(Af, 7). Then we define 

ci{s,t) e H^{M,dM;Z) 

to be the relative Euler class of the vector bundle with respect to the trivial- 
ization t. In other words, ci(s,i) is the obstruction to extending t from dM to a 
trivialization of over M. 

Lemma 3.11. Suppose that (Af, 7) is a strongly balanced sutured manifold. Let 
d: H^{dM) H'^{M,dM) be the co-boundary map in the cohomology long exact 
sequence of the pair {M, dM). If 5 ^ Spin'^{M, 7) and ti, t2 G T(M, 7), then 

ci{s,ti) - ci{s,t2) d{ti - t2). 

Proof. Fix a nowhere vanishing vector field v on M representing the Spin'^-structure 
s and also fix a triangulation of M. The circle bundle Sv-^ over M will be denoted 
by E. A trivialization t e T{M,j) can be considered to be a section of E\dAI, 
and by definition ci{s,t) is the obstruction to extending t from dM to M. More 
precisely, choose an arbitrary extension of t to the one-skeleton of M. Then the 
value of a co-cycle o{E, t) representing ci(s, t) on a two-simplex A is the homotopy 
class of t\dA in 7ri(S'^) = Z obtained after trivializing E\A. 

Given the sections ti and t2 of E over dM, we can homotope them to coincide 
on the zero-skeleton of dM. Then we can choose a common extension of ti and t2 
to ski (AT) \ ski(9Af). The cohomology class — ^2 € H^{dM; Z) is represented by 
the co-cycle o(ii, ^2)- The value of o(ti, ^2) on an edge e of ski(9Af ) is the homotopy 
class of ti in 7ri(S'^) in the trivialization of E\e given by t2. 

Let A be a two-simplex of sk2(Af). Then ( o{E, ti) — o{E, t2), A ) is the difference 
of the sections ti\dA and t2\dA in a trivialization of E\A. But ti and t2 agree on 
dA \ dM, so 

( o{E, ti) - o{E, t2),A)^{ o{ti,t2), dA ndM). 
Thus for a relative 2-chain c G C2{M, dM) we have 

{o{E,ti)~o{E,t2),c} = {o{ti,t2),dcndM), 

proving that ci(s, ^i) — ci(s, t2) — d{ti — ^2). □ 
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Proposition 3.12. Suppose that (Af, 7) is a taut sutured manifold, M is open, and 
the map 710(^(7)) — S> 7ro(9Af) is surjective. Then (M, 7) is balanced. 

Proof. Since i?+ ~ i?+(7) and i?_ = R-{'y) are both norm minimizing repre- 
sentatives of their homology class in H^iM,^) and [R+\ — [-R-], we see that 
a;(i?+) = a;(i?_). Let F be a component of -R(7). Then V is open, so x{V) = —xi^)^ 
except when is a disk. Suppose that V \s a. disk component of say i?+ . Then if 
we push dV into i?_ we get a curve C in i?_ which bounds a disk in M. Since i?_ 
is incompressible, C has to be inessential in so it bounds a disk in This 
argument shows that i?+ and i?_ have the same number of disk components. Thus 

x{R+) = x{R-)- □ 

Remark 3.13. Suppose that {M, 7) is a balanced sutured manifold and H2{M) — 0. 
Then dM is connected, and so [M, 7) is strongly balanced. 

This, together with Proposition 13.121 shows that if (Af, 7) is taut, M is open, 
H2{M) — 0, and dM is not a torus which belongs to 7, then (M, 7) is strongly 
balanced. 

Definition 3.14. Let 5 be a decomposing surface in a balanced sutured manifold 
(A/, 7) such that the positive unit normal field vs of S is nowhere parallel to vq 
along dS. This holds for generic S. We endow dS with the boundary orientation. 
Let us denote the components of dS by Ti , . . . , . 

Let Wo denote the projection of vq into TS, this is a nowhere zero vector field. 
Moreover, let / be the positive unit tangent vector field of dS. For 1 < i < fc, we 
define the index I(Ti) to be the number of times wq rotates with respect to / as 
we go around T^. Then define 

k 

i=i 

Let p(i's) be the projection of I's into v^. Observe that p{iys)\dS is nowhere 
zero. For 1 < i < fc, we define r{Ti,t) to be the rotation oi p{vs)\dTi with respect 
to the trivialization t as we go around Ti. Moreover, let 

k 

r{S,t) =Y,r{T„t). 

i=l 

We introduce the notation 

c{S,t)^x{S)+I{S)-r{S,t). 

The following is 14, Lemma 3.9]. 

Lemma 3.15. Let {M, 7) he a balanced sutured manifold and let S he a decomposing 
surface as in Definition \3.14\ 

(1) If T is a component of dS such that T ^ 7, then 

(2) Suppose thatTi, . . . ,Ta are components ofdS such thatT = TiU- • -UTq C 7 
is parallel to 3(7) and vs points out of M along T . Then I{Tj) — for 
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1 ^ i < a; moreover, 

a 

J=l 

Remark 3.16. Observe that if the components of the decomposing surface 5* are 
Si, . . . , Sk, and I's is nowhere paraUel to vq, then 

c{S,t)=c{Si,t) + --- + c{Sk,t). 

Definition 3.17. Let (M, 7) be a balanced sutured manifold, and let {S,dS) C 
{M,dM) be a properly embedded oriented surface. An element s G Spin'^(M, 7) is 
called outer with respect to 5* if there is a unit vector field v on M whose homology 
class is s and Vp ^ —{vs)p for every p G S. Here vs is the unit normal vector field 
of S. Let Os denote the set of outer Spin'^ structures. 

The following is TA^, Lemma 3.10] 

Lemma 3.18. Suppose that (M, 7) is a strongly balanced sutured manifold. Let 
t G T{M,j), choose s G Spin'^{M,j), and let S be a decomposing surface in (M, 7) 
as in Definition \3. 14\ Denote the components of S by Si, . . . , Sk- Then s is outer 
with respect to S if and only if 

(3.1) (ci(s,i), [S,] ) = c{S„t) for every 1 < i < k. 
In particular, if 5 € Os, then 

k 

(3.2) {ci{B,t),[S])=Y,c{S„t)^c{S,t). 

1=1 

Definition 3.19. Suppose that i? is a compact, oriented, and open surface. Let C 
be an oriented simple closed curve in R. If [C] = in Hi{R; Z), then R\C can be 
written as Ri U i?2, where Ri is the component oi R\C that is disjoint from OR 
and satisfies dRi = C. We call Ri the interior and R2 the exterior of C. 

We say that the curve C is boundary- coherent if either [C] 7^ in Hi{R;Z), or 
if [C] = in Hi{R; Z) and C is oriented as the boundary of its interior. 

Definition 3.20. A decomposing surface S in (M, 7) is called nice if S is open, 
vs is nowhere parallel to Vq, and for each component V of i?(7) the set of closed 
components of SDV consists of parallel, coherently oriented, and boundary-coherent 
simple closed curves. 

Remark 3.21. Note that every open and groomed decomposing surface becomes 
nice if we put it into generic position along the boundary. 

The following theorem is one of the main technical results of the paper [Hj , see 
[H Theorem 3.11]. 

Theorem 3.22. Let (M, 7) be a strongly balanced sutured manifold; furthermore, 
let (M, 7) (M',7') be a sutured manifold decomposition along a nice decompos- 
ing surface S. Denote the components of S by Si, . . . , Sk and choose a trivialization 
t e r(M,7). Then 

SFH{M',j')^ SFH{M,^,s). 

seSpin''(M,y): 
(ci(s,t),[Si] )=ciSi,t) Vl<i<k 
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4. Adjunction inequality 

Theorem 4.1 (Adjunction Inequality). Suppose that the sutured manifold (A/, 7) 
is strongly balanced, and fix a trivialization t £ T{M,j). Let S (Z M be a nice 
decomposing surface. If a Spin"^ -structure S £ Spin'^{M,^) satisfies 

{c^{5,t),[S]) <c{S,t), 

then SFH{M,-f,s) = 0. 

Proof. Let Si, . . . , Sk denote the components of S. Then 

fc fc 
^(ci(s,t), [S^] ) = (ci(s,t), [S] ) < c{S,t) = ^c(5„t), 

i=l i=l 

which implies that there is an i for which ( ci{s, t), [Si] ) < c{Si, t). 

Now we are going to show that 0(5*^, t) — { ci{s, t), [Si] ) is even. From the proof of 
[131 Lemma 3.10] it follows that Og. ^ and for Sq G Os^ we have ( ci (sq , t) , [Si] ) = 
c{Si, t). Thus 

c{S^,t) - {ci{s,t), [S,] ) = (ci(so,t) - ci{5,t), [S^] ) = 2(so -s, [S] ). 

Add {c{Si, t) — { ci(s, t), [Si] ))/2 compressible 1-handles to Si to obtain a decom- 
posing surface S'^ in (M, 7) . Since Si and S'j' agree in a neighborhood of SS'i — dS[ 
we have = I{Si) and r(S'j',t) = r(5,,i). Moreover, 

x(^-)=x(^.)-c(5„t) + (ci(s,t),[5,]). 

Thus 0(5,', <) = {cl{s,t),[S^]) = (ci(s,<), [5,'] }. Decomposing (M,7) along 5,' we 
get a sutured manifold (M', 7') which is not taut since i?(7') is compressible. Thus 
SFH{M',Y) = by [11 Proposition 9.18]. Using Theorem[S21] 

SFH{M',i)= SFH{M,j,5'), 

s'GSpin''(M,7): 
(ci(s',t),[S^])=c(S^t) 

SO from ( ci(s, t), [S^] ) = c(5,', i) we get that SFH{M, 7, s) = 0. □ 

Definition 4.2. Let (M, 7) be a balanced sutured manifold. We say that a closed, 
oriented, one-dimensional submanifold L C dM is an C-link if it is transverse to 
v^[^. Given an £-link L, a homology class a G H2{M, dM) such that 9q: = [L] in 
Hi{dM), and a Spin^-structure s G Spin'^(M, 7), we can define the rotation number 
Tota^siL) as follows. Choose a properly embedded, oriented, open surface S <Z M 
such that dS = L and [S] = a. Furthermore, pick a nowhere zero vector field v on 
M with v[dM — vo whose homology class is s. Then v^[S is trivial, let ts be an 
arbitrary trivialization. We let Toia^<j{L) be the sum over all components of L of 
the rotation of p{vs) with respect to tg. Finally, define Xa{L) to be the minimum 
of —x{S) for all surfaces S as above. 

It is straightforward to check that rotQ^5(i) is independent of the various choices. 
In some sense, the notion of an i3-link is analogous to the notion of a Legendrian 
link in contact topology, and our rotation number corresponds to the classical 
rotation number of a Legendrian link. This analogy will be justified by the following 
Thurston-Bennequin type inequality. 
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Corollary 4.3. Let (i\f, 7) be a strongly balanced sutured manifold, and suppose 
that L C dM is an C-link such that for each component V or i?(7) the set of closed 
components of LnV consists of parallel, coherently oriented, nonseparating simple 
closed curves. If for a Spin'^ -structure 5 G Spin'^{M,^) we have SFH{M,^,s) ^ 0, 
and a G H2 (Af, dM) satisfies da — [L] , then 

Xo.iL)>\rot^AL)\-^-^^- 

Proof. If 5 is a properly embedded, oriented, open surface S C M such that dS = 
L, then we can perturb S shghtly fixing dS to get a nice decomposing surface. So 
we can apply Theorem 14. II to get that 

( ci (5, t), [S] ) > c(5, t) = x{S) + I{S) - r{S, t). 

Since L is transverse to Vq I7, no component of L lies in 7, hence by Lemma l3.15l we 
have I{S) = —\Lr\^\/2. Observe that we have three trivializations ofvQ\L, namely 
t, ts, and pity's)- Furthermore, {ci{S,t), [S] ) is the rotation of t with respect to ts, 
while r{S,t) is the rotation of p(i^5) with respect to t. Hence 

(ci(5,t),[5])+r(5,<) =rot„.,(L), 

and so 

\Lnj\ 
2 

Taking the minimum of the left hand side over all such S, we get 

\Ln-f\ 
2 

Since rot_Q_j5(— L) = Tota^^iL): while x_ct(— L) = Xa{L), the result follows. □ 



-X{S) > -Tot^AL) 
2 left hand side over 

Xa{L) > — rotors (i) — 



Remark 4.4. Note that if ^ is a contact structure on M such that dM is convex with 
dividing set 5(7) and L is a Legendrian link on dM, then the Thurston-Bennequin 
number of L is precisely — |L n s (7)1/2. In the above version of the Thurston- 
Bennequin inequality, the role of the contact structure ^ is played by the Spin'^- 
structure s, and instead of tightness of ^ we have the condition SFH{M,j,5) ^ 
0. However, if ^ is a tight and is the Spin'^-structure of ^, we might have 
SFH{M,j,5^) = 0. In the other direction, if SFH{M,j,s) ^ 0, it is not clear 
whether there is a tight contact structure ^ with = s. 

Theorem 4.5. Suppose that (M, 7) is a strongly balanced sutured manifold and 
fix a trivialization t G T{M,^). Let (M, 7) -w^ (M',7') he a surface decomposition 
along a nice decomposing surface. Then 

SFH{M',i)= SFH{M,j,b). 

(ci(0,t),[S])=c(S,t) 

Proof. By Theorem 13.221 we know that if the components of S are Si, . . . ,Sk then 
SFH{M',-i')= SFH{M,^,s). 

seSpin'=(Af,7): 
{ci{s,t),[Si])=c(Si,t} Vl<j<fc 

If s G Spin^(M, 7) satisfies ( ci(s, t), [Si] ) ~ c{Si, t) for every 1 < i < k, then it also 
satisfies {ci{s,t),[S]) — c{S,t). 
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Now suppose that 



(4.1) 



{c,{B,t),[S])^c{S,t) 



and SFH{M, 7, s) ^ 0. If we apply Theorem to Si we get that ( ci(s, t), [S,] ) > 
c{Si,t). Summing these inequahties for 1 < i < k gives the equahtv 14.11 Thus 
(ci(s,t), [St] ) — c{Si,t) for every 1 <i <k. 
So we have shown that 



Corollary 4.6. Suppose that (M, 7) is a strongly balanced sutured manifold. If 
(M, 7) (M',7') is a decomposition along a nice surface such that [S] = in 
H2{M,dM), then either 

SFH{M',y) = SFH{M,j), 
or SFH{M' ,y) = 0, in which case (M',7') is not taut. 

Proof Note that ( ci(s, t), [S]) = since [S] = 0. Then by Theorem 1431 we see that 
SFH{M',-f') = SFH{M,j) if c{S,t) = 0, and SFH{M',i) = if c{S,t) + 0. 
By [111 Theorem 1.4], the condition SFE(M' ,i) = implies that (M',7') is not 
taut. □ 

Corollary 4.7. Let [M^^) (A/', 7') he a surface decomposition of a strongly 
balanced sutured manifold. If there is a surface S' disjoint from S such that S U S' 
is nice, [S US"] =0 in H2{M,dM), and S U S' gives a taut decomposition, then 
SFH{M',Y) = SFH{M,j). 

Proof. Suppose that S' gives a decomposition (M',7') -^•5' (M",7"). Then 

SFH{M",i') < SFH{M\i) < SFH{M,j). 

If we apply Corollary gH to 5 US", then we get that SFH{M",-f") ^ SFH{M,-f). 
Thus SFH{M', 7') ^ SFH{M, 7). □ 

Definition 4.8. Let (M, 7) be a balanced sutured manifold. The support of the 
sutured Floer homology of (M, 7) is 

S(M,7) = {s e Spin"(M,7) : SFH{M,-f,s) ^0}. 

Since SFII{M,j) is a finitely generated Abelian group, S(Af, 7) is a finite set. 
Moreover, if (M,7) is taut, then S(M,7) 7^ by [HI Theorem 1.4]. 

Let i: Il'^{M,dM;Z) II^{M,dM;R) be the map induced by the embedding 
Z K. If {M, 7) is strongly balanced and t G T{M, 7), then we define 

C(M,7,t) = {i{ci{s,t)) : s e S(Af,7)} C H^{M,dM;R). 

Let P{M,-/,t) be the convex hull of C{M,j,t) inside 7J^(Af,7;M), this is a finite 
polytope. Thus if (M,7) is taut and a G H2{M,dM), then 

c(a, t) — min{ {c,a) : c G C{AI, 7, t) } 

is a well-defined number. 



e 



SFH{M,j,s) 



SFH{M,^,b). 



seSpin'=(M,7): 
{ci(s.t),[Si] )=c{Si,t) Vl<i<k 



5eSpin'=(A/,7): 
{ci{s.t),lS])=c{S,t) 



□ 
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Remark 4.9. We call P{M, 7, t) the sutured Floer homology polytope of the sutured 
manifold (M, 7). It follows from Lemma [3.111 that for ti,t2 G T{M,^) the relation- 
ship 

P(M, 7, h) = F(Af, 7, ti) + z o d(t2 - ti) 

holds. So the sutured Floer homology polytope is well defined up to translations 
in the vector space H'^{M,dM]W}. 

Corollary 4.10. Let the sutured manifold {M,j) be taut and strongly balanced. 
Choose a trivialization t G T{M,^) and let a G H2{M,dM) be a non-zero element. 
Then 

(4.2) max{c(S', : S is a nice decomposing surface, [S] — a} < c{a,t). 

Moreover, for S in the above set c{S, t) = c{a, t) if and only if S gives a taut 
decomposition. If H2{M) — also holds, then inequality \4-.2\ is an equality. 

Proof. We introduce the notation 

AI ~ max{ c{S, t) : 5 is a nice decomposing surface, [S] = a}. 

First suppose that S* is a nice decomposing surface such that [S] = a. If c G 
C(M, 7, t), then there is ans G S{M, 7) such that i(ci(s, t)) = c. Since s G S{M, 7), 
we know that SFH{M,j,s) ^ 0. Thus by Theorem Ol we get that 

c{S,t) < (ci(s,i),[5]) = (c,a). 

Taking the minimum over all c G C{M, 7, <), we see that c(5, t) < c(a, t). Since this 
holds for every nice S, this implies that M < c{a,t). 

Let (M, 7) (Af',7') be a decomposition along a nice decomposing surface 
S such that [S] a. We saw above that c{S,t) < c{a,t). Suppose that c{S,t) < 
c{a,t). Then for every s G Spin'^(M, 7) such that (ci(s,t), [S] ) = c{S,t), we have 
SFH{M, 7,s) = 0. Thus by Theorem|in]we get that SFH{M', 7') = 0, and so [HI 
Theorem 1.4] implies that (M',7') is not taut. 

Now assume that c{S,t) = c{a,t). Then by the definition of c{a,t) there exists 
an s G Spin'=(M,7) such that (ci(s,i), [S] ) = c{a,t) and SFH{M,-/,5) ^ 0. Since 
(M, 7) is taut, it is irreducible, thus (M',7') is also irreducible. Using Theorem 
1431 again we see that SFH{M',Y) and so (M',7') is taut by [El Proposition 
9.18]. 

Suppose that H2{M) = 0. By [71 Lemma 0.7], for every a 7^ in H2{M,dM) 
there is a nice surface decomposition (M, 7) (M',7') such that (M',7') is taut 
and [S] = a. We can assume that S is open since H2{M) = 0. Using Theorem 14.51 

SFH{M\i)^ SFH{M,j,s). 

sGSpin<^(M,7) : { ci(s,t),[S] )=c{S,t) 

Since (M',7') is taut, by [H Theorem 1.4] we see that SFH{M',Y) ^ 0. Thus 
there exists an s G Spin''(M, 7) such that (ci(s,t), [S] ) = c{S,t) and SFH{M,^,s) 
is non-zero, i.e., s G S'(M, 7). This implies that c{a,t) < M. So indeed we have 
c(a, t) = M. □ 

Definition 4.11. For a G H2{M,dM) let 

Ha = {x e H^{M,dM;R): {x,a) = c{a,t)] , 

moreover, 

C<,(M,7,t) =i?,nC(M,7,i) 
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and similarly 

P„(M,7,0 =i?anP(Af,7,i). 
Finally, we introduce the notation 

5Fi/„(M,7) =0{5Fi/(Af,7,s): z(ci(s,i)) e C„(M,7,i)}. 
Note that this is independent of t by Lemma 13.111 

Proposition 4.12. Let the sutured manifold (M, 7) be taut and strongly balanced. 
Fix an element a £ H2{M,dM). Then Pa{M,j,t) is the convex hull of Ca{M,^,t) 
and it is a face of the polytope P(M,^,t). If S is a nice decomposing surface that 
gives a taut decomposition (M, 7) -w^ (M',7') and [S] ~ a, then 

(4.3) SFH{M', 7') ^ SFH,,{M, 7). 

Proof. First we prove equation 14.31 If S gives a taut decomposition, then c{S,t) = 
c{a,t) by Corollary 14. 101 Thus equation 14.31 follows from Theorem 14.51 

If a = 0, then c(a,t) = 0. So Ca(M,7,t) = C{M,-f,t) and P„(M,7,i) = 
P{M,'^,t), hence Proposition 14.121 is true for a = 0. Now suppose that a ^ 0. 
Then Ha is a hyperplane in H'^{M, dM;K.). Using the definition of c{a,t), we see 
that Ha n C{M,j,t) ^ and {c,a} > c{a,t) for every c e C{M,j,t). Thus 
Pa{M, 7, t) is the convex hull of Ca{M, 7, t) and is a face of P{M, 7, i). □ 

Remark 4.13. It follows from ProDOsition l4. 1 21 that if i(ci(s,t)) lies in the interior of 
the polytope P{M,'-f,t), then SFH{M,j,s) dies under any nice surface decompo- 
sition that strictly decreases SFH{M, 7). However, we might still be able to obtain 
information about the interior of the polytope using decomposing surfaces that are 
null- homologous in H2{M, dM). 

Corollary 4.14. Let the sutured manifold (M, 7) be taut and balanced, and suppose 
that H2{M) — 0. Then the following hold. 

(1) For every a £ H2{M,dAI), there exists a groomed surface decomposition 
(M,7) -^^ {M',i) such that (M',7') is taut, [S] = a, and 

SFH{M',y) ^ SFHa{M,"/). 

If moreover, a is well groomed, then S can he chosen to be well groomed. 

(2) For every face F of P{M,j,t), there exists an a G H2{M, dM) such that 
F = P„(M,7,i). 

Proof. First we prove (1). In the case a = we can choose 5 = 0, so suppose 
that a ^ 0. Then by [3 Lemma 0.7] there exists a groomed surface decomposition 
(M,7) (M',7') such that (M',7') is taut and [S] = a. If a is well groomed, 
then the existence of a well groomed S follows from Lemma \2M Since H2{M) — 0, 
we can assume that 5* has no closed components, so S is nice. Thus the first part 
of Corollarv 14.141 follows from equation 14.31 

Now we prove (2). Let P = P{M,j,t). If F P, then a = works. So 
suppose that P is a proper face of P. Recall that P is spanned by points lying in 
the lattice L = i{H^{M, dM; Z)). Thus there exists an affine hyperplane of the form 
H = Hq + uq, where vq £ L and Hq is a linear hyperplane spanned by elements of 
L, and such that P = iJ n P. 
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Consider the following commutative diagram. 

L > H^{M,dM; 

llom{H2{M,dM),Z) > Uom{H2{M,dM),R) 

Here the horizontal arrows are embeddings. Moreover, u is given by u(c)(A) = 
(c, A) for c e H^{M,dM;R) and A G H2{M,dM;R). Both u and m|l are isomor- 
phisms because of the universal coefficient theorem. Let &i ,...,&„ be a basis of the 
free Abelian group L. Then &i, . . . , 6„ is also a basis of H^{M, dM; R), and so de- 
fines a scalar product • on H^{M, dM ; M). Since is an isomorphism, and because 
H2{M, dM) is torsion free, there are unique elements /3i, . . . , /3„ G H2{M, dM) that 
satisfy the condition {bi,j3j) — Sij, where Sij is the Kronecker delta. 

Since Hq is spanned by elements of L, there is a vector a G L which is perpen- 
dicular to Hq and such that vq +a and P lie on the same side of H. In other words, 
a ■ Hq = a ■ {H — vq) = and a ■ {P — vq) > 0. Thus a ■ H = a ■ vq and a ■ P > a ■ vq. 
Let Ai, . . . , An be the coordinates of a in the basis 6i, . . . , &„, these are all integers. 

Define a = H h v4„/3„ e i?2(M, dM). Then for any c e H'^{M, dM;R), we 

have {c,a) = a - c. Thus {H,a) = {vo,a) and {P,a) > {vo,a). This implies that 
{vo,a) = c{a,t), and so H = H^. Thus F = HnP = Pa{M,-(,t). □ 



Proposition 4.15. Let the sutured manifold (M, 7) be taut and balanced, and 
suppose that H2{M) = 0. // the polytope P{M,j,t) has k vertices, then 

rk{SFH{M,-/)) > k, 

and there exists a groomed surface decomposition (M, 7) (M',7') such that 

(Af',7') is taut and 

rk{SFH{M' ,i)) < rk{SFH{M,-/))/k. 

Proof. Let vi,...,Vk be the vertices of P{M,^,t). By Corollarv 14.141 for every 
^ < j < k there is a groomed surface decomposition (M, 7) (Afj, 7^) such that 
(Mj,7j) is taut; furthermore, for = [Sj] we have SFH{M'j,i^) = SFHa^{M,'y) 
and P„^.(M,7,i) = {vj}. By p4l Theorem 1.4], we see that rk{SFH{M'j,j'j)) > 1 
for 1 < j < fc. Since the faces Paj{M,j,t) = Caj{M,^,t) are pairwise disjoint for 
J = 1, . . . , fc, we get that 

k 

SFH{M, 7) > SFHo.^ (M, 7). 

Thus rk(5FiJ(M, 7)) > fc, and for some 1 < / < fc the inequality 

rk(5FiJ„,(Af,7)) < Tk{SFH{M,j))/k 
holds. So we can choose S = Si. □ 



5. How THE POLYTOPE CHANGES UNDER SURFACE DECOMPOSITIONS 

In what follows bi{X) denotes the i-th Betti number of a topological space X. 
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Lemma 5.1. Suppose that (Af, 7) is a sutured manifold and let (Af, 7) -w^ (M',7') 
he a surface decomposition along the nice decomposing surface S. If H2{M) = or 
S ^ D'^, then 

&i(M') = 61 (Af) + 61 (5) - bo{S) + 60 (M') - &o(M). 
Furthermore, H2{M) — implies that H2{M') = 0. 

Proof. Let N{S) be a regular neighborhood of S. Smce A/' n N{S) is homotopy 
equivalent to S* U S*, the Mayer- Vietoris sequence of the pair (Af, N{S)) looks like 

(5.1) > Hj (5) ® (5) ^ Hj (A'f) ® (5) ^ i/^ (A/) ^ . . . 

Note that H2 (S) = because S is open. Thus if we write down the sequence 15.11 
for j = 2, then we see that H2iM) = implies H2{M') = 0. 

Suppose that H2{M) — 0. If we look at the portion of sequence 15.11 starting at 
H2{M) and we take the alternating sum of the ranks of the groups that appear, 
then we get that 

2bi{S) - {h{M') + h{S)) + h{M) - 2bo{S) + {bo{M') + boiS)) - bo{M) = 0. 

The result follows. If 5 = D^, then b2{M) — h2{M'), and we obtain the same 
conclusion. □ 

Let us review the relative Maslov grading on Sutured Floer homology, see [T3l 
Definiton 8.1] and [13l Definition 8.2]. 

Definition 5.2. For s G Spin^(Af, 7), the divisibility of s is 

0(s)= gcd (ci(s),0- 

Ce_ff2(M;Z) 

Suppose that s G Spin°(Af, 7), and let (I],a,/3) be an admissible balanced di- 
agram for (Af, 7). Then we define a relative ^^(j) grading on Ci^(S, a, /3, s) such 
that for any x, y G fl with s(x) = s(y) = s we have 

gr(x,y) = ^((/«) mod£)(s), 

where (j) G 7r2(x, y) is an arbitrary homotopy class. 

Definition 5.3. Let (Af, 7) {M\^') be a surface decomposition. If e: M' ^ 
M denotes the embedding, then we define 

Fs^PDoe^o {PD')-^: H^{M' ,dM';R) H^{M,dM-R), 

hence the following diagram is commutative. 

Hi{M';R) ) Hi{M;R) 

H^{M',dM';R) — ^ H^{M,dM;R) 

Here PD and PD' are Poncare duality maps and e, is the map induced by e. 
We will use the same symbol Fs to denote the map H^{M',dM') H'^{M,dM) 
defined over Z in a completely analogous way. 
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Proposition 5.4. Let (Af, 7) (M',7') be a nice surface decomposition of a 
strongly balanced sutured manifold (M, 7), and fix t Cz T{M,^) and t' £ T(A/',7'). 
Then there are an affine map 

fs- Spin'^{M' ,^') — !• Spin'^{M,^) 
and an element cit^t') G H'^{M,dM;M.) satisfying the following three conditions. 
(V fs maps onto Os, and for any s S O5 we have 

SFH{M,-f,s)^ SFH{M',-f',s'). 

5'eSpm=(M',7') : /s(s')=s 

Furthermore, there is an isomorphism 

p: SFH{M',-f') SFH{M,'y,5) 

such that for every s' G Spin'^{M' ,y) and for every x',y' G SFH{M' ,s') 
we have p{SFH{M' ,s')) C SFH{M,-f, fs{s')) and 

gr{x',y') = gr{p{x'),p{y')). 

(2) //s'i,s'2 G Spm^iM' then 

Fs{5[-4) = - e H\M,dM). 

(3) For every s' G Spin'^{M' ,^') we have 

i^s(«(ci(s',i'))) = z(ci(/s(s'),i)) 

Proof. We improve the proof of 1145 Theorem 1.3] by also taking into consideration 
the Spin^ and the relative Maslov gradings on SFH{M', 7'). First we need to recall 
[I4l Definition 4.3] and [H Definition 5.1]. 





Figure 1 . The quasi-polygon P in the lower sutured diagram de- 
fines a decomposing surface S. The upper sutured diagram corre- 
sponds to the manifold obtained by decomposing along S. 
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Definition 5.5. A balanced diagram adapted to the decomposing surface S in 
(M, 7) is a quadruple (I],q:,/3, P) that satisfies the following conditions. (E,q:,/3) 
is a balanced diagram of (M, 7); furthermore, P C S is a quasi-polygon (a closed 
subsurface of S whose boundary is a union of polygons) such that P n dT, is exactly 
the set of vertices of P. We are also given a decomposition dP ~ AU B, where 
both A and B are unions of pairwise disjoint edges of P. This decomposition has 
to satisfy the property that a n i? = and /3 n A = for every a G a and 
/3 € l3. Finally, S is given up to equivalence by smoothing the corners of the surface 
(P X {1/2}) U{Ax [1/2, 1]) U (P X [0, 1/2]) C (M,7). The orientation of S is given 
by the orientation of P C S. We call a tuple {Y,,a, f3, P) satisfying the above 
conditions a surface diagram. 

Definition 5.6. Let (S,a,/3,P) be a surface diagram. Then we can uniquely 
associate to it a tuple D{P) = (S', a', f3' , Pa, Pb,p), where (E', a' , (3') is a balanced 
diagram, p: E' — S is a smooth map, and Pa, Pb C E' are two closed subsurfaces 
(see Figured]). 

To define E', take two disjoint copies of P that we call Pa and Pb, together 
with diffeomorphisms pA ■ Pa P and pb ■ Pb ^ P- Cut E along dP and remove 
P. Then glue A to Pa using p~^ and B to Pb using p^"^ to obtain E'. The map 
p: E' — J> E agrees with pA on Pa and with ps on Pg, and it maps E' \ (Pa UPb) to 
E \ P using the obvious diffeomorphism. Finally, let a' = {p~^{a) \ Pb : a G a } 
and/3' = {p-i(/3)\^A:/3e/3}. 

Since 5 is nice, by |14[ Lemma 4.5] it is isotopic to a decomposing surface S' such 
that each component of 95" intersects both ^+(7) and P„(7), decomposing (M, 7) 
along S' also gives (Af, 7'), and Os — Os'- Thus we can suppose that each compo- 
nent oi dS intersects both P+(7) and P_(7). Then by [Ml Proposition 4.8] and [T4l 
Theorem 6.4] there is a nice and admissible surface diagram (E,q:,/3, P) adapted 
to S. By JAi Proposition 5.2], if ^(P) = {^\a' , /3' , Pa, Pb,p), then (E',q:',/3') is 
an admissible balanced diagram defining (Af',7'). Moreover, [Ml Proposition 7.6] 
says that p gives an isomorphism CF{Yi' .a' , (3') = {Op,d\Op). Here Op is the 
subcomplex of CP(E, a, (3) generated by 

{xeT„nT^:xnP==0}. 

However, |14| Lemma 5.5] implies that x e Op if and only if s(x) e Os- Thus p 
induces an isomorphism 

p: SFH{M',^') ^ SFH{M,^,s). 

seOs 

We can now define fs- If Tq,/ n T^' 7^ 0, then fix an element Xg e Tq,/ n T^' and 
let xq = p(xo). Put Sq = s(xo) and Sq = s(xo). Otherwise, let s'q € Spin'^(M', 7') 
and So G Os be arbitrary elements. Then for any s' G Spin'^(AP, 7') define 

fs{5')=So + Fsi5' ~5'o). 

(2) is immediate from the definition of fs- 

Next we show that fs maps onto O5. It is sufficient to prove the following claim. 

Claim 5.7. Let s G Spirf{AI,^). Then s e Os if and only if s — Sq G im{Fs). 

Proof. Since xq G Op, by [Ml Lemma 5.5] we see that Sq G Os- Note that s — 
So G im(Ps) if and only if PD^^{s — So) can be represented by a 1-cycle disjoint 
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from 5*. Using cut-and-paste techniques, this is equivalent to the statement that 
( s — So, [5*] ) = for every component S*, of S. FinaUy, this happens if and only if s 
and So can be represented by nowhere zero vector fields that are homotopic (through 
nowhere zero vector fields) over each component of S rel dS. Since So G Os, this is 
equivalent to saying that s £ Os- □ 

To prove (1), recall that we have an isomorphism CF{Y,' ,cx' , f3') = {Op,d\Op) 
induced by the projection p: T,' — > E. Moreover, p{a') = a and p{f3') = /3 for 
every a & a and /? G /3. Furthermore, Hi{M) = Hi{T)/{a. U 13) and Hi{M') = 
Hi{Yi')/ (a' U (3'). There is a commutative diagram 

Hi{M') Hi{M), 
where tt and tt' are factor homomorphisms. Now we recall jl3[ Definition 4.6]. 

Definition 5.8. For x, y £ n T^, we define e(x, y) G Hi{M) as follows. Choose 
paths a: I ^ Tq, and b: / — ^ with da = db = x — y. Then a ~ b can be viewed 
as a one-cycle in S whose homology class in M is e(x, y). This is independent of 
the choices of a and b. 

In [13l Lemma 4.7] we showed that s(x) — s(y) = P-D[e(x, y)] for any x, y G 
Ta n T^. Now pick elements x',y' G T^' fl T^', and let x = p(x') and y = p{y'). 
Choose paths a' : I ^ Ta' and b' : I ^ Tp' such that da' = db' = x' — y'. Let 
a = p{a') and b — p{b'). Since p{a' — b') = a — b, using the above commutative 
diagram, we get that e*(e(x',y')) = e(x, y). Hence 

PD[eM^', y'))] = PD[e{^, y)] - s W - s{y). 
Another application of |131 Lemma 4.7] gives that 

PD[e.(e(x', y'))] = PD o o iPD')-\s{^') - s(y')) = ^s(s(x') - s(y')). 

So we got that i^5(s(x') -s(y')) = s(x) -s(y), and by definition /5(s(xq)) = s(xo). 
Thus /s(s(x')) = s(x). Hence 

p{SFH{M',i,5')) C SFH{M,jJs{b')) 

for every s' G Spin''(M', 7'). 

If x',y' G Ta' n Tj3' satisfy s(x') = s(y'), then choose a domain V connecting 
x' and y'. Then D ~ p{T^') is a domain connecting x — p(x') and y = p{y')- Using 
Lipshitz's Maslov index formula (cf. [14, Proposition 7.3]) we see that /i(X') = f^i'D') 
since the local diffeomorphism p preserves both the Euler and the point measures. 
Thus gr(a;',y') = gT{p{x'),p{y')) if x',y' G SFH{M' ,i ,5'). This concludes the 
proof of (1). 

Finally, we prove (3). Given t G T{M,-f) and t' G T{M',j'), let 
c{t,t') = Fs{t{ci{s'o,t'))) - i{ci{so,t)). 
If s' G Spin^(Af', 7') is arbitrary and s = fs{s'), then using (2) we have 
Fsi^ic^{B',t'))) ^ Fs{^ic^iB'o,m + Fsm^' - s',))) = 
= i{ci{so, t)) + c{t, t') + 2i{s - So) = i(ci(s, t)) + c{t, t'). 

□ 
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Remark 5.9. Actually fs depends only on S and is independent of the choice of 
a surface diagram representing S. It can be defined geometrically as follows. Let 
v' be a vector field representing s' G Spin'^(M', 7'). After homotoping v' over S'_ 
and S'_^_ (see Definition 12.51) one can glue v'lS"^ and v'\S'_ to obtain a nowhere zero 
vector field v on AI, which is unique up to homotopy. Then v represents /s(s'). To 
verify this claim, one has to trace through the identifications in the proof of fl4l 
Proposition 5.2] to see that s(x') and s(p(x')) are related by the above "gluing" 
operation. This is straightforward but tedious, and we will make no use of it in the 
rest of the paper. 

On the other hand, the isomorphism p might possibly depend on the choice of 
a surface diagram (T,, a, (3, P) representing S. To show independence, one either 
needs a different proof of the decomposition formula, or show invariance of p under 
a sequence of moves relating two different surface diagrams. 

Remark 5.10. If H'^{M) = 0, then for every t' e T{M' ,i) there is a t e T{M,-i) 
such that c{t,t') = in Proposition 15.41 Indeed, fix an s'q £ Spin'^(M', 7') and 
let So = /s(So)- The map H^{dM) H'^{M,dM) is surjective since H^{M) = 0. 
Thus by Lemma [3.111 in the proof of part (3) of Proposition 15. 4[ we can choose a 
t e T{M,-f) which satisfies Fs(i(ci(So, t'))) = «(ci(so,i))- 

Note that if we only suppose that H2{M) = 0, then such a t might not exist. 
For example, if K is the knot in x S"^ which goes around twice monotonically in 
the 51 direction and M ^ {S^ x S^) \ N{K), then M fibres over with annulus 
fibers. Actually M deformation retracts onto a Klein bottle. Thus Hi{M) = Z2 ®Z 
and i?2(M) = 0. So H^{M) = Zj. The map H^{dM) H^(M,dM) is Poincare 
dual to Hi{dM) Hi{M). This map is Z Z ^ Z2 ® Z. It takes a pair (a, fe) 
to (a mod 2,26). Here a corresponds to the meridional and b to the longitudinal 
component. Thus the map d in Lemma l3.11l is not surjective onto the Z component 
of i?2(M, dM). 

Theorem 5.11. Let (Af, 7) (A/', 7') he a taut surface decomposition, where 
(Af, 7) is strongly balanced, and fix t G T{M,"f) and t' G T(M' Suppose that S 
is nice and let a = [S]. Then the following hold. 

(i) The map 

Fs - c{t, t') : H'^{M', dM'; M) ^ H^{M, dM; M) 

projects the polytope P{M' ,t') onto the face Pa{M,j,t) of P{M,-f,t). 
(ii) If, moreover, S is connected and non-separating, then the image of Fs is 

the hyperplane Ha + c{t,t'). 
(Hi) If, in addition to the assumptions of (2), we have H2{M) ~ or S = D^, 
then dimker(Fs) = bi{S). 

Proof Let 6 = S^M, 7) and 6' = S{M', 7'). First we show that /s(6') = 6 n Og. 
Indeed, if s' G &, then by definition SFH{M',y,s') ^ 0. So from part (1) of 
PropositionElit follows that /s(s') G Os and SFH{M, 7, /s(s')) 7^ 0, i.e., /s(s') G 
6 n Os- Similarly, if s G 6 fl Os, then by part (1) of Proposition 15.41 there exists 
an s' G S'(Af',7') such that /s(s') = s. 

Let C = C{M,j,t) and C" = C(A/', 7', t')- Using part (3) of Proposition O 



FsiC) - c{t,t') = Fs{i{ci{&' ,t'))) - c{t,t') = i[ci{fs{&'),t)) = i(ci(6 nOs,i))- 
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By Lemma [3. 181 for -S £ Spiif{M, 7) we have s G Os if and only if 

(ci(s,t),[5,]) = c(5„i) 

for every component Si of S. However, we saw in the proof of Theorem 14.51 that 
s G © n Os if and only if s G © and (ci(s,t), [S] ) = c{S,t). Since 5 gives a taut 
decomposition, Corollarv l4.10l gives that c{S,t) = c{a,t). Hence 

t{ci{6nOs,t)) = CnH^=C^iM,j,t), 

which concludes the proof of (i) . 

Now we prove (ii). Part (1) of Proposition 15 .41 sates that the image of fs is Os, 
thus by part (3) the image of Fs is i{ci{Os,t)) + c{t,t'). Using Lemma [5.18[ the 
fact that S is connected, and c{S,t) = c{a,t), we conclude that i{ci{Os,t)) ~ Ha- 
Since S is non-separating, is a hyperplane, i.e., dimHa = bi{M) — 1. 

To see (iii), first note that bo{M) = bo{M'). If H2{M) = or S = D'^, then we 
can apply Lemma lOI to conclude that 6i(M') = bi{M) + bi{S) — 1. Thus the kernel 
of the map Fs has dimension 61 (5). □ 

Proposition 5.12. Suppose that (Af, 7) ~->'^ (M',7') is a taut surface decomposi- 
tion of a strongly balanced sutured manifold, such that S is a disk and [S] = a =/= 0. 
Fix t G T{M,-i) and t' G T(M',7'). Then the map c' t-^ Fs{c') - c{t,t') is an 
affine isomorphism between the polytope P{M\j\t') and the face Pa{M,^,t) of 
P{M,^,t). 

Proof. We use Theorem lS.llI Since bi{S) = 0, the map Fs — c{t, t') is an affine iso- 
morphism between H^{M', dM') and H^, and maps P(M', 7', t') onto Pa(M, 7, t). 

□ 

The next result also follows from [S]. 

Corollary 5.13. Suppose that the balanced sutured manifold (Af, 7) is disk decom- 
posable. Then there is a single groomed surface decomposition (M, 7) (Af',7') 
such that (A/', 7') is a product. Moreover, if ^ is connected then (Af, 7) has a depth 
at most one taut foliation. 

Proof. First note that Af has to be a handlebody, thus H2{M) = 0. In this proof we 
suppress the trivialization t in the notation P{M,^,t), this is justified by Remark 
14.91 Suppose that 

(Af,7) = (Afo,7o) (Ml, 71) (M„,7„) 

is a sutured manifold hierarchy such that each Si is a disk and (M„, 7„) is a product. 
Then SFH{Mk,jk) ^ for < fc < n, since 5Pi?(A/„,7„) < SFH{Mk,-ik) by 
Theorem 14.51 Furthermore, {Mk,jk) is irreducible because (M„,7„) is. Together 
with [131 Proposition 9.18] these imply that every {Mk,jk) is taut. 

Let ai = [Si]. Then P{Mi+i,ji+i) is isomorphic to the face Pa^Mi^^i) of 
P{M„j,) by Proposition [5111 Furthermore, SFH{M,+i,"f,+i) ^ SFHa,{Mi,ji) 
by Proposition 14.121 Since (A/„,7„) is a product, P(M„,7„) is a single point and 
SFH{AIn,'-fn) = Z. SoP(M„,7„) corresponds to a vertex w = i(ci(s,<)) of P(Af, 7) 
such that SFH{M,-f,5) ^ Z. 

Hence by Corollary 14.141 there is a groomed and taut surface decomposition 
(M,7) (M',7') such that for a = [S] we have PQ(Af,7) = {v} and 

SFH{M',i) ^ SFHc{M,j) ^ Z. 



THE SUTURED FLOER HOMOLOGY POLYTOPE 



25 



Since (A'/',7') is taut, we can use [111 Theorem 9.7] to conclude that (M',7') is a 
product. If 7 is connected, then S is necessarily well groomed, thus by [4] there is 
a depth at most one taut foliation on (M, 7) . □ 

Proposition 5.14. Suppose that (Af, 7) (M',7') is a decomposition of a bal- 
anced sutured manifold along a disk S such that I{S) = —2, i.e., \dS D s{'-f)\ — 4. 
If we decompose (M, 7) along —S, we get (M',7"). Then 

(5.2) SFH{M, 7) = SFH{M', 7') ® SFH{M', 7"). 

_Proo/. By Theorem liTTl if for some s E Spin''(M, 7) we have SFH{M,j,s) ^ 0, 
then (ci(s,t), [S] ) > c(5,i) and (ci(s,t), [-5] ) > c{-S,t). Thus 

c(5,i) < (ci(s,t),[5]) < ~c{~S,t). 

Note that 

-c(-5,t) - c{S,t) = -x(5) - x(-5) - I{S) - I{-S) = 2. 

Furthermore, (ci(s,i), [5] ) is always congruent to c{S,t) modulo 2. Indeed, for 
So S Os we have (ci(so,i), [S] ) = c{S,t) and ci(s,t) — ci{so,t) — 2{s — So)- 

So for any s G 5'(M,7) either ( ci(s, t), [S*] } = c(5,t) or ( ci(s, t), [-5] ) = 
c(— S", t). Together with Theorem 14.51 this implies equation 15.21 □ 

Corollary 5.15. With the assumptions of Proposition [5. 14\ if{M,^) is taut, then 
at least one of {M' ,^') and (M',7") is taut. 

Remark 5.16. Corollarv 15.151 can also be proven using simple cut-and-paste meth- 
ods. The following, yet unpublished argument was communicated to me by David 
Gabai. If x denotes the Thurston norm, then x{R+{-y')) — a;(i?+(7)) — 1 and 
x(i?_(7")) = x(i?_(7)) - 1. If neither (M',7'), nor (M',7") are taut then we have 
x{[R+{i)]) < x(i?+(7)) - 3 and x{[R_{i')]) < x{R^{j)) - 3. Let T' and T" be 
properly embedded, norm minimizing representatives of [i?+(7')] and [R-{"/")], re- 
spectively. Recall that S'^ and S'_ were introduced in Definition 12.51 Let T be the 
oriented surface obtained from T' U T" (viewed as an immersed surface in M) by 
gluing T' n S"^ to T" n S'_ and T' n S'_ to T" n S\. (each intersection consists of 
two arcs), and then doing oriented cut-and-paste along the double curves. We can 
assume that T has no S*^ components since M is irreducible. Then 

x{T) = x{[R+{j')]) + x([i?_(7")]) + 4 < x{R+{j)) + x{R^{j)) - 2 = x{R{^)) - 2. 

Since [T] — [i?(7)] in iJ2(M, 7), we get that -R(7) is not norm minimizing in its 
homology class in iJ2(M, 7), contradicting the assumption that (M, 7) is taut. So 
at least one of (M',7') and (M',7") is taut. 

6. Dimension of the sutured Floer homology polytope 

Theorem 6.1. Suppose that H2{M) — and the sutured manifold (M, 7) is bal- 
anced, taut, reduced and horizontally prime. Let t £ T{M,"/). Then 

dimP(Af,7,t) = dimH^{M,dM;R) = bi{M) = bi{dM)/2. 

In particular, 

rk{SFH{M,-f)) > bi{dM)/2 + l. 
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Figure 2. The decomposing surfaces S and S' 



Proof. We improve on and simplify the proof of Theorem 9.7]. By Lemma 
0.7] for any non-zero element a G H2{M,dM) there is a groomed surface decom- 
position (M, 7) -w^ (M',7') such that (M',7') is taut and [S] = a. We can assume 
that S is open since H2{M) = 0, and we can make S nice by putting it into generic 
position. 

We are now going to show that c{a,t) + c{—a,t) < 0. Since S gives a taut 
decomposition, c{a,t) = c{S,t) = xiS)+I{S)-r{S,t) by CoroUaryOHl Using [Ml 
Theorem 2.5] and the fact that H2{M) — 0, we can find a nice decomposing surface 
S' which gives a taut decomposition, [S'] — —a, and dS n i?(7) = —dS' Pi R{j)- 
Then c(-a, i) = c(S", i) = x(S") + I{S') - r(S", i)- So wc have to show that 

X{S) + x{S') + I{S) + 1(8') < r{S, t) + r{S', t). 

Since dS n R{'y) = —dS' n R{'y), and by the construction of 5", the one-cycle 
dS + dS' C 7 is homologous to ks{'y) in i?i(7) for some non- negative integer k, see 
Figure 2. 

Recall that r{S,t) is defined as the rotation of p(i^s) with respect to the triv- 
ialization t as we go around dS, where p is orthogonal projection onto u^. Note 
that r{S',t) can also be computed as the rotation of —p^vs') with respect to t. 
Moreover, p{iys) = -p{vs') over S n R{j) = S' Ci R{-f). 

Let C be a component of dS n 7 or dS' D 7. We can assume that if C is closed 
then i^sIC (or —vs'\C) points out of M; and if C is an arc then it is monotonic 
between R^i'f) and R+{'y) and p{i's)\C (or p{i's')\C) is non-zero and parallel to 
3(7). Observe that p{vs) U —p{vs') is a continuous vector field along dS + 95", and 
it can be homotoped inside \ such that it points out of M everywhere. Using 
the Poncare-Hopf index formula we get that 

T{S,t)+T{S',t)^kx{R+{l)), 

see Lemma [3. 151 

Suppose that C and C" are components of i9S'n7 and 95" 07, respectively, such 
that C « [0, 1] « C" and dC ~ dC, see Figure [H Let Sq be the component of 
3(7) containing C n 3(7). If C + C" is null- homologous in 7, then we can achieve by 
an isotopy of S' that C = C". If C + C" is homologous to msQ in Hi{'y) for some 
TO > 0, then we can achieve that \C n C'\ = m + 1. 

Make S and S' transverse by perturbing them in the interior of M. Then take 
the double curve sum P of S and 5". We are now going to see how x(5) + x{S') 
changes when doing the cut-and-paste. The number of components of dS D dS' 
homeomorphic to [0,1] is at most jS" n 5(7)]. (It is strictly smaller if there are 
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[0, 1] components C and C of 5 n 7 and S" n 7, respectively, such that C = C .) 
Now let K he a. component of 5 n S' . If 'nit{K) C int(S') n int(S"), then doing 
cut-and-paste along K doesn't change the Euler characteristic (we remove two 
circles or intervals and glue them back in a different way). On the other hand, if 
K C dSC\ dS' is homeomorphic to [0, 1], then cut-and-paste along K decreases the 
Euler characteristic by one (we glue two surfaces together along two arcs in their 
boundaries). According to Lemma [3.15| we have I{S) = I{S') = —\S r\ s{"f)\/2, so 

x{S)+x{S') + I{S)+I{S')<x{P)- 

Thus it is sufficient to prove that x{P) < ^x{R+{l)) ■ 

Let r = [i?+(7)] = [R-{l)] S i?2(M,7). From H2{M) = 0, and by looking at 
the exact sequence of the pair (Af, 7), we see that the map d: H2{M,'^) i?i(7) 
is injective. Thus 

d[P] = d{kr) = fc[s(7)] £ iJi(7) 

implies that [P] = kr in H2{M,j). Let x denote the Thurston semi-norm on 
iJ2(M, 7). As in [131 Claim 9.10], using the fact that M is irreducible we can 
suppose that P has no and components. 

Suppose that P has a component. Since H2{M) — 0, the boundary dM is 
connected. Using the fact that R{'y) is incompressible and dP C 7, we get that 
dM = 5^ and 7 is connected. But M is irreducible, so M — D^. The sutured 
manifold {D^ x /, dD^ x /) obviously satisfies the theorem, so we can suppose from 
now on that P has no component. Similarly, we can assume that i?+(7) has no 
component. 

Using the above assumptions, x{P) = —x{P) and a;(_R+(7)) — —x{R+{l))- Since 
(M, 7) is taut, 

-X{P) = x{P) > xi[P]) = x(fcr) = kxir) = -fcx(i?+(7))- 

So we only have to exclude the possibility x{P) — kx{r). In this case, P is norm 
minimizing in kr. Thus P cannot have genus > 1 closed components either because 
otherwise we could remove them without changing [P] (as H2 [M) = 0) and decrease 
x{P). 

Fix a point zq S i?+(7). We define a function Lp: Af \ P — Z by setting Lp{z) to 
be the algebraic intersection number of P with a path connecting zp and z. This 
is weh defined because [P] = [S] + [S'] = a - a = in H2{M,dM), and thus any 
closed curve in M intersects P algebraically zero times. There is a well defined 
homological pairing between Hi{M, R{'j)) and H2{M,j). Thus if z e Ril), then 
ip{z) can be computed by taking the intersection number of a path connecting zq 
and z with the cycle kR-{j). So ip\R+{'y) = and (f\R-{'-f) = k. Since P has no 
closed components, by considering paths on 7, we see that < < k. 

As in nil Claim 9.10], let = c\{{ip-'^){i)) for < « < fc and let P, = J,_i n 
for 1 < i < fc. Then P is the disjoint union of the surfaces Pi, . . . , P^, and Ui=o 
a homology between R+{'y) and Pi in i?2(Af, 7). Thus [Pi] — r, and hence x{Pi) > 
x{r). Since 

fc 

Y^x{P,) = x{P)=kx{r), 

we must have x{Pi) = x{r) for 1 < i < fc. Because dP consists of k parallel copies of 
5(7), we also see that dPi is isotopic to dR+{'-f) for 1 < i < fc, just compute (p\j using 
curves in 7. So each Pi is a horizontal surface. Since (Af, 7) is horizontally prime. 
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for some 1 < j < fc the surfaces Pi,. . . ,Pj are parallel to R+ij) and Pj+i, . . . ,Pk 
are parallel to i?,_(7). 

Let 7j = 7 n Jj. Then the sutured manifold (Jj, jj) is homeomorphic to (A/, 7). 
Thus {Jj,jj) is reduced. Observe that the closure of each component of Snlnt{Jj) 
is either a product disk or product annulus in (Jj , 7j), which in turn lies in a product 
neighborhood -/V(7j) of jj. Indeed, by Lemma l2 . 1 31 every product disk is inessential 
in {Mj,^j), and every product annulus is either ambient isotopic to a component 
of 7j or bounds a x / by Lemma 12.111 The rest of S, i.e., S \ Jj lies in a 
product neighborhood of R{'y) since N+ — Ji U • • • U Jj-i is a regular neighborhood 
of R+{j) and = Jj+i U • • • U Jfc is a regular neighborhood of R-{j). Thus S 
lies in a product neighborhood N = N{^) UN+UN^ of dM. Let r : TV dM be a 
retraction. Then r(S) represents a 2-chain in dM whose boundary is dS. The map 
d: H2{M, dM) Hi(dM) is injective because H2(M) = 0. Moreover, [5] = a 7^ 0, 
thus [dS] = da ^ in Hi{dM). Consequently, dS cannot be a boundary in dM, a 
contradiction. 

So indeed c{a,t) + c(— a,i) < 0. By Definition 14. 8[ this means that the inter- 
val {a, P{M,j,t)) = [c{a,t), ~c{—a,t)] is not a single point. Since this holds 
for every a 7^ in H2{M,dM), the dimensions of P{M,'-f,t) has to be at least 
&2(M,5M). Since P{M,j,t) sits inside H^{M,dM,R), the dimension has to be 
equal to b2{M, dM). By Poincare duality b2{M, dM) = bi{M), and this is equal to 
bi{dM)/2 because H2{M) = 0. 

The last statement follows from the fact that a d-dimensional polytope has at 
least d + 1 vertices and from Proposition |4T5l □ 

Proposition 6.2. Suppose that S is a nice decomposing .surface in the strongly 
balanced sutured manifold (Af , 7) whose components are Si, . . . , Sk. Let a — [S] 
and aj — [Sj] for 1 < j < k. Suppose that a 7^ 0, 



and dmiPa{M,^,t) = bi{M) — 1. Then there is a non-zero class a £ H2{M,dM) 
and integers ai, . . . ,ak such that aj — aj-a for 1 < j < k. Moreover, Pa. {M, 7, t) — 
Pa{M, 7, t) for every 1 < j < k .such that sgn{aj) — sgn{ai + ■ • ■ + a^). 

Proof. Note that ai + ■ • ■ + 0;^ = a 7^ 0, so there is a non-zero aj. Since 



Thus ai, . . . ,ak are pairwise linearly dependent. The existence of a and oi, . . . , 
follows. If sgn(aj) — sgn(ai + ■ ■ ■ + a^), then a and aj are parallel and point in the 
same direction, thus Ha ~ Ha^, and consequently Pa{M,j,t) = Paj{M,j,t). □ 

Corollary 6.3. Let (A/, 7) be strongly balanced. If H2{M) — 0, then every face 
of P{M,^,t) whose dimension is 61 (Af) — I is of the form P[;j] (Af, 7, for some 
connected groomed surface R. 

Proof. This follows from Proposition and Corollary □ 



dimP(Af,7,t) ^ dimH^{M,dM;R) = bi{M), 



k 



Pa{M,^,t) C f|i/, 



we must have 
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7. Depth of a sutured manifold 

Proposition 7.1. Suppose that H2{M) — and the sutured manifold (A/, 7) is 
balanced, taut, reduced, horizontally prime, and not a product. Then there is always 
a well-groomed surface decomposition (M, 7) (Af',7') such that (M',7') is taut 
and rk{SFH{M',-f')) < rk{SFH{M,-f))/2. 

Proof. Note that dM is connected because H2{M) — 0. We show that dM ^ S^. 
Indeed, otherwise by the irreducibihty of M we had M = D^, and since (M, 7) is 
taut, 7 had to be a single annulus. But this would contradict that (M, 7) is not a 
product. So bi{dM) > 2. By Theorem O 

dimP(Af,7,i) = dim H^{M,dM;R) = bi{dM)/2 > 1. 

Lemma [2.81 implies that there is a well groomed homology class a £ H2{M,dM). 
Then —a is also well groomed. Thus using Corollary 14.141 we get well groomed 
and taut surface decompositions (M, 7) (Mi, 71) and (Af, 7) -^^^ (^2,72) 

such that [^i] = a and [5'2] = -a; furthermore, SFH{Mi,ji) = SFHa{M,-f) and 
SFH{M2,'-f2) = SFH^a{M,j). Since the dimension of P{M,j,t) is the same as 
the dimension of the ambient space H'^{M, dM;M.), we have 

P<,(A/,7,i)nP_„(M,7,t) = 0. 

Thus 

SFHa,{M,-f) © SFH^^{M,j) < SFH{M,-f), 
and consequently either Si or ^2 satisfies the requirements of the proposition. □ 

Remark 7.2. Proposition 17.11 implies that the number T'k{S F H {M , j)) acts as a 
complexity of taut balanced sutured manifolds with H2{M) = in the following 
sense. If (M, 7) is not a product, then Proposition 12 . 1 71 and Proposition 12 . 1 51 imply 
that we can perform finitely many horizontal and product annulus decompositions 
to get an (M, 7) which is horizontally prime, reduced, and H2{M) is still zero. 
By Proposition 17. 1[ now there is a taut decomposition which strictly decreases 
rk(5Fi?(M,7)). 

Compare this with the complexity defined in [4| to show the existence of sutured 
manifold hierarchies. Note that we used the existence of sutured manifold hierar- 
chies to prove that SFH{M,^) > Z if (A/, 7) is taut, which in turn is implicitly 
needed in the proof of Proposition [73] 

Definition 7.3. Let (M, 7) be a taut sutured manifold. By ^, (Af, 7) has a 
sutured manifold hierarchy 

(Af,7) (A^i,7i)^^^ (M„,7„), 

where (M„,7„) is a product. We define the depth d{M,^) of (M, 7) to be the 
minimal such n. In particular, d{M, 7) = if and only if (Af, 7) is a product. 

Remark 7.4. It is important to note that in the above definition S'l, . . . , S'„ can be 
arbitrary decomposing surfaces, they are not necessarily connected. 

Example 7.5. Let (I],q:,/3) be the balanced diagram shown in Figure |31 and let 
(Af, 7) be the balanced sutured manifold defined by it. Here E is a genus one 
surface with three boundary components, each represented by a little circle. There 
is one a and one /? curve; moreover, a n /3 consists of two points denoted by x and 
y. Since there are no periodic domains, H2{M) = 0. 
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Figure 3. A non-product, horizontally prime, taut sutured man- 
ifold such that the polytope P{M, 7) is a single point. 

The chain complex CF{Yi, a, /3) is generated by the points x and y. They lie in 
the same Spin'^-structure Sg because the component D of S \ (a U /3) containing 
the one-handle gives a homology class of Whitney disks connecting x and y (if we 
stabilize the diagram there is even a topological Whitney disc in the symmetric 
product). There are no holomorphic disks connecting x and y, thus SFH{M,^) = 
1? ^ which lies in Sq. Thus P{M, 7, t) is a single point. On the other hand, {M, 7) is 
not a product because SFH{M,^) ^ Z, and it is taut since SFH{M,'^) ^ and 
M is irreducible. Moreover, (M, 7) is horizontally prime. Indeed, suppose that 

(M,7) (Afi,7i) LJ (M2,72) 

is a horizontal decomposition. Then 

2 = TkiSFHiM,-f)) = Tk{SFHiAh,-fi)) ■ rk(5Fi/(Af2, 72)), 

so Tk{SFH{Mi,ji)) = 1 for i = 1 or i = 2, and this means that {Mi,ji) is a 
product. I.e., S is parallel to either R+{j) or i?_(7), and so (M, 7) is horizontally 
prime. This shows that Theorem 16.11 fails if (M, 7) is not reduced. In fact, there is 
no nice surface decomposition that would change SFH{M,j). Thus (M, 7) cannot 
be decomposed into a product using a single nice surface decomposition. 

Let A denote the core of the handle in D, and let i? be a simple closed curve in 
D parallel to dD. Then ^ x / is a non-separating and i? x / is a separating product 
annulus in (M, 7). Both of them are nice decomposing surfaces. 

If we decompose (A/, 7) along A x I, then we get a sutured manifold {Ma,Ja) 
which is defined by the diagram (E^,a,/3), where is the completion of S \ 
A. Here x and y lie in different Spin'^-structures. So SFH{M,j) = 1? , and the 
two Z-summands lie in different Spin'^-structures. Thus PiMA^lA^^A) consists of 
two points for any trivialization Ia- By Corollarv I4.14[ there is a well-groomed 
surface decomposition (Ma, 7a) (A^',7') such that SFH{M' ,i) ^ Z, and 
thus (M',7') is a product. This shows that d{M,i) < 2. 

Decomposing (M, 7) along B x I, we get the disjoint union of a sutured man- 
ifold {Mb, "1b) and the product sutured manifold {D x I,dD x /). Note that 
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(Mb, 7s) can be obtained from {Ma,Ja) by decomposing along a product disk 
(which corresponds to an arc connecting the feet of the handle in D). As above, 
SFH{Mbt"(b) and P{MB,jB,tB) consists of two points. Thus even a sepa- 

rating product annulus can change the sutured Floer homology polytope. 

It is not hard to see that {Mb, 7b) is a solid torus with four longitudinal sutures. 
We can obtain (M, 7) from this by attaching {D x /, dD x /) along dD x / to one 
of the components of 7b- Of course 13 is a punctured torus. This again shows that 
(M, 7) is taut. And we can directly see that (A/b, 7b) can be reduced to a product, 
namely by decomposing along a disk which intersects s(7b) in four points. 

The following proposition contains [141 Theorem 9.7], which claims that SFH 
detects product sutured manifolds, as the special case fc = 0. The proof presented 
here is independent of the proof of |141 Theorem 9.7], which refers to an erroneous 
result in [15] that has been corrected in |16j . 

Proposition 7.6. Suppose that (M, 7) is a taut balanced sutured manifold such 
that H2{M) ^ and rkls F H {M , -/)) < 2*^+1 for some integer fc > 0. Then 

d{M, 7) < 2k. 

Proof. We proceed by induction on fc. First suppose that fc = 0. By Proposi- 
tion 12.171 after a finite sequence of horizontal decompositions we get a taut su- 
tured manifold (Af ,7') which is horizontally prime. Using Lemma 15. 1[ we see 
that H2{M') = 0. Furthermore, SFH[M',i) = SFH{M,-f) by Corollary [HI 
Then, using Proposition 12.151 we can decompose (M',7') along product annuli 
to get a reduced, horizontally prime, and taut sutured manifold Now 
[a Lemma 8.10] and Lemma O imply that SFH{M",i') < SFH{M',i) and 
H2{M") = 0. So rk(5FiJ(Af",7")) < 1. Then, by the second part of Theorem O 
each component of dM" has to be a sphere. But {M",^") is taut (in particular 
irreducible), so it is necessarily a disjoint union of product sutured manifolds of the 
form {D^ x I,dD^ x /). Consequently, the sutured manifold (Af, 7) is a product, 
and hence d{AI, 7) = 0. 

Now suppose that fc > and (A/, 7) is not a product. First assume that (M, 7) 
is not horizontally prime. Then Proposition 12 . 1 71 gives a taut decomposition 

(AT, 7) (A/', 7'), 

such that each component of is a horizontal surface and (Af',7') is horizontally 
prime. Let (Ar{,7{), . . . , (M/,7j') denote the components of (A/', 7'). Then / > 2, 
and we can suppose that for each 1 < i < I the sutured manifold {M[,^[) is not 
a product. Moreover, H2{M[) = by Lemma ISTTl If we apply the fc = case to 
(Af/,7,') we get that rk(S'Fi7(A//, 7,;)) > 2 for 1 < i < /. Using Corollary HH and 
the Kiinneth formula, we get that 

rk(5Fi/(M,7)) = rk(5FiJ(Af{,7l)) Tk{SFH{Ml,ii)). 

So Yk{SFH{M[,^'j)) < 2*^ for every 1 < i < I. Hence we can apply the induction 
hypothesis to each (M/,7-) separately to obtain that d{M[,^[) < 2fc — 2 for every 
l<i<l. But (Af{ , 7i), . . . , (AT/, 7,') are pairwise disjoint, hence d(A/', 7') < 2fc - 2. 
So rf(Af,7) < 2fc- 1. 

Consequently, we can assume that (A/, 7) is horizontally prime. Using Propo- 
sition [2?T5l there is a decomposition (Af, 7) (Afi,7i), where A is a union of 
pairwise disjoint product annuli Ai,...,Ar and (Afi,7i) is reduced, horizontally 
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prime, taut, H2{Mi) ~ 0, and is not a product. If we apply [111 Lemma 8.10] to 
Ai,...,Ar, then we get that SFH{Mi,ji) < SFH{M, 7). So we can use Proposi- 
tion 14.151 to get a taut decomposition (Mi, 71) {M[,j[) such that 

i-k{SFH{M[,j[)) < rk(5FiJ(Mi,7i))/2 < 2^ 

Thus, using the induction hypothesis on {M[,^[), we see that d{M[,^[) < 2fc — 2, 
and hence d{M, 7) < 2k. □ 

Remark 7.7. In the above proof, every decomposition can be chosen to be weh 
groomed, except possibly the one along A, which is a disjoint union of product 
annuli. If every decomposition were well groomed, then we could even claim the 
existence of a depth at most 2k taut foliation on (M, 7). Unfortunately, I have 
overlooked this point in the proof of [14, Theorem 1.8], which leaves .14j Question 
9.14] unanswered. If one could make a sutured manifold reduced using a groomed 
decomposition, that would give a positive answer to [HJ Question 9.14]. 

Corollary 7.8. Suppose that K is a null-homologous knot in the rational homology 
3-sphere Y, and 

rk(jlFK{Y,K,g{K))j < 2''+\ 

Then the sutured manifold Y{K) complementary to K has depth d{Y{K)) < 2fc + l. 
In particular, if k = 0, then K is fibred. 

Proof. Let i? be a minimal genus Seifert surface for K. By 14, Theorem 1.5], 
SFH{Y{R)) ^ HFK{Y,K,g{K)). 

So Proposition 17.61 implies that d{Y{R)) < 2k. Since we have the sutured manifold 
decomposition Y{K) Y{R), we get d(Y{K)) < 2k + I. Finally, if fc = 0, then 
Y{R) is a product, so K is fibred. □ 



8. A SEMI-NORM ON THE HOMOLOGY OF A SUTURED MANIFOLD 

In this section, we are going to define a semi-norm on H2 (M, dM ; M) for a 
strongly balanced sutured manifold (Af, 7). Then we will show that it is non- 
degenerate if (M, 7) is taut, reduced, horizontally prime, and H2{M) = 0. Note 
that H2{M,dM) is torsion free, and hence can be considered to be a subgroup of 
H2iM, dM;R). 

Definition 8.1. Let (M, 7) be taut and strongly balanced. For t G T{M,j), let 
pt e H^{]VfdM;R) denote the center of mass of P{M,j,t). Then the polytope 
P{M, 7) = P{M, 7, t) — Pt is independent of t because of Lemma 13.111 Of course 
the center of mass of P{M,^) is 0. 

Proposition 8.2. Let (Af, 7) be taut and strongly balanced. Then for a homology 
class a G H2{M,dM;S.) the formula 

y{a) = max{ ( — c, a): c £ P{M, 7) } 

defines a semi-norm on H2{M,dM;S.). R is non-degenerate if and only if 

dimP(Af,7) = bi{M). 
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Remark 8.3. lit € T{M,"f)^ then y{a) — —c{a,t) + {pt,a). Furthermore, note that 
for every fc > we have y{ka) = ky{a), but in general y{a) ^ y{—a) can happen. 
Indeed, in [3, Example 8.5] we exhibit a family of sutured manifolds whose sutured 
Floer homology polytopes are all centrally asymmetric. So in those examples y is 
not symmetric. 

Proof. Since £ P{M,-/), we see that y{a) > for every a G H2{M,dM;R). If 
y{a) — for some a ^0, then P{M,^) lies in the hyperplane 

{c e ij2(M, dM; M) : ( c, a ) = 0}, 

thus 

dimP(Af,7) < dimF2(M,aAf;R) = bi{M). 

On the other hand, if dim P(M, 7) < 61 (M), then there is a hyperplane H contain- 
ing P{M, 7). There is also a non-zero homology class a G H2{M, dAI; R) for which 
{H,a) =0, i.e., y{a) = and y is degenerate. 
Suppose that a, /3 G i?2(Af, 5M; R). Then 

y{a + l3) ^ niax{ ( -c, a + /? ) : c G P{M, 7) } = 

= max{ ( -c, a ) + ( -c, /3 ) : c G P{M, 7) } < 
< max{ ( -c, a ) : c G P{M, 7) } -|- max{ ( -c, ^ } : c G P(Af, 7) } = y{a) + y{l3). 

□ 

Remark 8.4. Notice that by construction —P{M,^) is the dual unit norm ball of 
the semi-norm y. 

Proposition 8.5. Suppose that (Af, 7) is taut, balanced, reduced, horizontally 
prime, and H2{M) — 0. Then y is a norm on H2{M,dM;S.). 

Proof. Theorem 16.11 implies that dimP(Af, 7) — bi{M), thus by Proposition 18.21 
the semi-norm y is non-degenerate. □ 

Remark 8.6. In [21], another semi-norm is defined on H2{M ,dM\M), which we 
will denote by x'^ . Given a properly embedded, compact, oriented, and connected 
surface S C Af, let 

x'{S) = max{ 0, -x{S) - I{S) }, 

and we extend a;'' to disconnected surfaces by taking the sum over the components. 
For a G H2{M, dAI), we define x'^{a) as the minimum of x'^{S) for all properly em- 
bedded, compact, oriented surfaces S that represent the homology class a. Finally, 
it is straightforward to show that x'* extends to _ff^(Af, 9A/; R). 

As opposed to y, the Scharlemann norm x'* is always symmetric. Hence it makes 
sense to compare x'^ with the symmetrized semi-norm 

In [31 Theorem 7.7], we show that z < x". Somewhat surprisingly, in general z ^ x" 
by [H Proposition 7.12]. 
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Figure 4. A sutured diagram for T(l,0;4). 



9. Sutured manifolds with M ~ x D'^ 



In this section, we will compute the sutured Floer homology of every sutured 
manifold (M, 7) with M = x D^. This will illustrate some of the techniques we 
have just developed. 

First note that if such an (A/, 7) is taut, then 5(7) has to be a collection of n 
parallel torus knots of type Tp q. Here p denotes the number of times the curve on 
dAI goes around in the longitudinal direction. Furthermore, if p = 0, then i?(7) 
is compressible, hence (M, 7) is not taut. Since M is irreducible, if (M, 7) is not 
taut, then SFH{M,'j) = 0. Also note that n is necessarily even. We will denote 
this sutured manifold by T(j),q]n). 

Proposition 9.1. Let T{p, q; n) be the sutured manifold defined above, and suppose 
that n = 2k + 2 for k > 0. Then there is an identification Spin'^{T{p,q;n)) = Z 
such that the following holds. 



Moreover, in each Spin'^ -structure any two elements of SFH lie in the same relative 
Maslov grading. 

Proof We saw in Example O that SFH{T{1,Q;A)) ^ 1? , where the two Z sum- 
mands lie in Spin'^-structures whose difference is a generator I of Hi{S^ x D^;Z). 
Figure m shows a sutured diagram for r(l,0;4). 

Let (Ml, 71) = T(l,0;n) and (M2,72) = T{p,q;m), and suppose that Ai is a 
component of ji for i = 1,2. Now glue the annuli Ai C Mi and A2 C M2 such that 
Ai n i?_(7i) is identified with A2 fl i?_(72). Then we obtain the sutured manifold 
T(p, g; n + m — 2). If we decompose T(p, g; n + to — 2) along the separating product 
annulus A ~ Ai ~ A2, then we get the disjoint union of T(l, 0; n) and T(p, g; to). 



(9.1) 
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Since A is a nice decomposing surface in T{p,q]n + m — 2), an application of 
Corollary 14.61 gives that 

(9.2) SFH{p, g; n + m - 2) = SFH(T{1, 0; n)) (g) SFH{T{p, q; m)). 

Using the above formula repeatedly for T{p, q; m) — T(l, 0; 4), together with the 
fact that SFH{T{l,Q]^)) = I?, we get that 

fc 

SFH{T{l,Q-n))^^Z\ 

where n — 2k+2. It follows from Proposition l5.4l that there are generators Xq and x{ 
of the j-th 1? factor in the above expression such that if (ei, . . . , £fe), (y\^ . . . , Vk) £ 
{0, l}'^, then 

fc 

5{xl^ • ■ • ® O - S« ®.--®xlj^ ^(£j - Vj) ■ I. 

i=i 

In other words, there is an identification between Spin'^(T(l, 0; n)) and Z such that 
s{x\^ ® ■ ■ ■ ® x^^) = Y^^j=i ^ji which proves equation 19. II for {p, q) = (1, 0). 

In light of formula 19.21 we only have to determine SFH{T{p,q;2)). The lens 
space L{p,q) is obtained from (M, 7) — T{p,q) by gluing an 5^ x D'^ to M such 
that the meridian {1} x maps to one component, say a, of 5(7). Let the knot K 
be the image of 5^ x {0} in L{p, q). Then the sutured manifold L{p, q){K) (see [T3l 
Example 2.4]) is exactly T{p, q; 2). Hence we only have to find a knot diagram for the 
knot K C L{p, q). But this has already been done in [20] Proof of Proposition 1.8]. 
First observe that K is isotopic to a curve on the Heegaard surface ~ x 
that intersects a in a single point. Let /3 be a meridian of M that intersects a 
in exactly p points. Then {T'^,a,f3) is a Heegaard diagram for L{p,q). As we go 
around a, label the points oi af) (3 with yo, . . . , yp-i. For < s < p — 1, let be 
the segment oi a\{yo, . . . , yp-i } connecting y^ and ys+i, where yp is by definition 
the same as yo. Choose basepoints z and w on the two sides of Ap^i. Then I claim 
that (T^, a, /3, z, ui) is a knot diagram defining K. Indeed, if we connect z to w in 

\ a with an arc, then u; to z in \ /3 with a short arc that intersects a in 
a single point, then we obtain a simple closed curve on that intersects a in a 
single point, and hence is isotopic to the knot K. Let S be with two small open 
disks removed around z and w. Then the previous argument implies that (I],Q!,/3) 
is a sutured diagram defining T{p, q\ 2). 

It is immediate that 

SFH{T{p,q-2))^'LP, 

which is generated by yo, ■ ■ ■ ,yp-i. Indeed, if we connect ys and ys+i along a 
using As and then on /3 with an arbitrary curve, then we get a curve on E whose 
homology class in Hi{M) is Mf < s < p — 1, and is —{p ~ 1)1 ii s — p (this is 
because components of dT, represent ±pl in Hi{M)). So s(j/s+i) — s(2/s) = ' for 
Q < s < p — 1. This verifies eauation l9.1l for n = 2 and {p, q) arbitrary. 

To get eauation[9?T]in general, glue (Mi, 71) = T(l, 0; n) and (M2, 72) = T{p, q\ 2) 
using formula r9.2[ and apply Proposition l5.4l to see what happens to the Spin^ grad- 
ing. If li denotes a generator of Hi{Mi) for i = 1,2, then li is identified with p/2 
when we glue Mi and M2 along one of their sutures. This implies equation 19. II 
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The above argument actually tells us how to obtain an explicit sutured diagram 
for T{p, q; n). Let (Si, ai, /3i), . . . , (Sfe, ak, Pk) be k identical copies of the sutured 
diagram shown in FigureUl and introduce the notation (Eq, Ofo, /3o) for the diagram 
defining T(p, g; 2) described above. For < j < fc, let Cj be a fixed component 
of dTij, and for 1 < h < k, let dh be a component of dY,h distinct from Ch- Then 
we obtain S from U^^g identifying Cj with dj+i for < j < fc. Finally, 

let ct = { ao, ai, . . . afc } and /3 = { /3o, /3i, • . • , /5fe }. Then (S, a, (3) is a sutured 
diagram defining T{p, q; n). 

Every intersection point in T„ n is of the form tJs x xl_^ x ■ ■ ■ x , where 
< s < p ~ 1 and (ei, . . . ,Sk) G {0, 1}'^. We have s(ys x a;^^ x • ■ • x x^^) = 
s(ys' X X ■ ■ ■ X x^^) if and only if s = s' and ei + • ■ • + £fc — vi + ■ ■ ■ + Vk- To 
show that 

(9.3) ^l{ys xx]^ X ■ ■ ■ X x'^^,ys X xl^ x • • • x xf; J = 

for any two intersection points lying in the same Spin'' structure, it suffices to check 
the following. If 1 < < < fc is fixed and lyj = £j + 1 mod 2 for j ~ t and j — t + 1; 
furthermore, i^j = ej for every other I < j < k, then equation 19.31 holds. To see 
this, look at the region D in E \ (lJaUlJ,9) whose corners are Xq,x\,x*q^^ , and 
^t+i^ This is obtained from the punctured bigons in E( and E^+i containing ct and 
dt+i, respectively, by gluing ct to dt+i- Let V be the domain whose multiplicity in 
D is one and is zero every where else. Then V connects Us x x\_^ x ■ ■ ■ x x^^ and 
Us X x]^_^ X ■ ■ ■ X x^^; moreover, Lipshitz's Maslov index formula [131 Proposition 
7.3] tells us that /x('D) = 0. This concludes the proof of our claim about the relative 
Maslov index being zero within a given Spin^ structure. □ 

The same way as we proved formula 19. 2| we can obtain the following. 

Proposition 9.2. Suppose that (M, 7) is a balanced sutured manifold, and let 70 be 
a component ofj. //(A/, 71) is obtained from (M, 7) by adding two sutures parallel 
to 7o, then 

SFH{M,-fi) = SFH{M,-i)®I?. 

Remark 9.3. In [3j Chapter 8], we compute SFH(M,j,s) for every s e Spin°(M,7) 
when (M, 7) is a sutured manifold complementary to a pretzel surface, so M is a 
genus two handlebody. These examples illustrate well how complicated the support 
S{M, 7) of sutured Floer homology can be in general. 
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